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Abstract

In this paper, we proposeto studydeformablenecklaces— �e xible chainsof balls,called
beads,in which only adjacentballsmay intersect.Suchobjectscanbe usedto modelmacro-
molecules,muscles,ropes,and other linear objectsin the physicalworld. We exploit this
linearity to developgeometricstructuresassociatedwith necklacesthatareusefulfor collision
detectionin physicalsimulations.Weshow how thesestructurescanbeimplementedef�ciently
andmaintainedundernecklacedeformation.In particular, westudyaboundingvolumehierar-
chy basedonsphereswhichcanbeusedfor collisionandself-collisiondetectionof deforming
andmoving necklaces.As our theoreticalandexperimentalresultsshow, sucha hierarchyis
easyto computeand,moreimportantly, is alsoeasyto maintainwhenthe necklacedeforms.
Usingthishierarchy, weachieveacollisiondetectionupperboundof ���
	������	�� in two dimen-
sionsand ����	������������ in � -dimensions,� �"! . To our knowledge,this is the �rst subquadratic
boundprovedfor a collision detectionalgorithmusingprede�nedhierarchies.In addition,we
show that the power diagram,with the help of someadditionalmechanisms,canbe usedto
detectself-collisionsof anecklacein a way thatis complementaryto thespherehierarchy.
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1 Intr oduction

In many applicationsobjectsarehierarchicallyorganizedinto groupsandthe motionsof objects
within thesamegrouparehighly correlated.For example,thoughnotall pointsin anelasticbounc-
ing ball, elongatingmuscle,or folding ropefollow exactly the samerigid motion, the trajectories
of nearbypointsaresimilar andthe overall motion is perhapsbestdescribedasthe composition
of a global rigid motion with a small local deformation. Similarly, the motion of an articulated
�gure, e.g.,a manwalking or a proteindeforming,is mostsuccinctlydescribedasa setof relative
motionsof limbs or partsagainstotherparts. Motivatedby suchapplications,we studya simple
modelfor deformablelinear objectssuchasproteinbackbones,muscles,andropes.We represent
suchanobjectasa sequenceof spheres.We call thelinearobjecta necklace, andits sphericalele-
mentsbeads. Spheresarewidely usedasprimitive elementsin engineeringmodeling[6], andthey
areobviously theappropriatechoicefor proteins.(SeeFigure1 for a few examplesof necklaces.)
Spheresalsosimplify substantiallythe basicgeometriccalculationsandallow us to focuson the
combinatorialissuesthat form our main interest.In this paperwe studyhow to trackdifferentge-
ometricattributesof a necklace,suchasits power diagramor a boundingspherehierarchy, which
areuseful in detectingcollision betweentwo necklacesor self-collisionwithin a singlenecklace.
Thougha necklacelives in )+* , it hasan essentialone-dimensionalcharacter, which allows us to
developsimpleralgorithms.1

(i) (ii) (iii)

Figure1. A few necklaces:(i) Protein1a4yA0,(ii) a fragmentof a protein,and(iii) ahelix.

The exact way in which a necklacemovesanddeformsdependson the physicalmodelused
andis applicationdependent.Sincewe do not modelthephysics,we take a black boxview of the
physicalsimulation. We assumethat at certaintimes(the time stepsof the simulation)an oracle
movesthe beadsforming the necklaceaccordingto the underlyingphysicsandreportstheir new
positionsbackto us. Thoughin generalevery singlebeadmovesat eachstep,we assumethat the
timestepschosenby thesimulatoraresuchthatthemotionof eachbeadateverystepis small,when
comparedto theoverall scaleof thesimulation.Thusthebasicproblemweaddressis how to repair
ageometricstructureaftersmalldisplacementsof its de�ning elements.

1It is worth noting that,thoughmodelingsomeaspectsof linearobjectsis simplerthanmodelingsurfacesor solids,
linearobjectscancomeinto self-proximityandself-contactin moreelaboratewaysthantheir higher-dimensionalcoun-
terparts.Sofrom a certainpoint of view, dealingwith collisionsfor deformablelinearobjectsis thehardestcase.
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Relatedwork. A commonlyusedapproachto expeditethecollision detectionbetweencomplex
shapesis basedon hierarchiesof simpleboundingvolumessurroundingeachof the objects. To
build sucha hierarchy, a speci�c geometricshapeis selectedasthe boundingvolumeof choice.
Commonchoicesareaxis-alignedboundingboxes(AABBs) [19, 2], arbitrarily orientedbounding
boxes(OBBs) [14], , -DOPs[23], andspheres[29, 19]; see[24] for a survey. For a givenplacement
of two non-intersectingobjects,their respective hierarchiesare re�ned only to the coarsestlevel
at which the primitive shapesin the two hierarchiescan be shown to be pairwisedisjoint. The
choiceof a boundingshapeusuallypresentsa trade-off betweentheeaseof testingfor intersection
two suchshapes,andthetotal numberof boundingvolumechecksrequiredfor detectingcollision.
Recentwork by ZhouandSuri [34] providesa theoreticalframework thatsuggestswhy bounding-
volumehierarchieswork so well for collision detectionin practice. Following the publicationof
the preliminaryversionof this paper, Erickson[11] showed that hierarchiccollision detectionis

-/.1032
4657098

for abroadclassof practicalgeometricmodelandboundingvolumes.

Motion in thephysicalworld is in generalcontinuousover time. Sincetheexactmotionis hard
to predict,mostsystemssamplethemotionat discretetime stepsandrepeatedlytestfor collisions.
Insteadof performinga full collision checkab initio at eachtime step,in many casesanattemptis
madeto expeditecollisioncheckingby exploiting temporalcoherence(seee.g.[27]). In thecontext
of bounding-volumehierarchies,thehierarchyis locally re�ned or coarsenedat eachtime step,as
objectsmove closeror further apart. Though�x ed time-samplingis customaryfor motion inte-
gration,collisionstendto be ratherirregularly spacedover time, which makesthe choiceof time
stephard—alarge time stepwill misssomeof the collisions,anda shorttime stepwill generate
unnecessarycomputation.Baschet al. [12] andEricksonet al. [12] presentedkinetic datastruc-
turesfor detectingcollision betweentwo rigidly moving polygonsusingthekinetic datastructure
(KDS) framework, whichwasoriginally proposedby Baschetal. [3] (see[15] for asurvey of results
on kinetic datastructures).Their algorithmsavoid many of the problemsthat arisein the �x ed-
steptime-samplingmethodby focusingat discreteeventswhenthe thestructuremustbeupdated.
Roughlyspeaking,thesemethodsmaintainahierarchicalrepresentationof eachpolygonandderive
from that a setof geometricconditionson whenthe hierarchyshouldbe re�ned/coarsened.Un-
fortunately, the bounding-volume-hierarchy basedmethodsarenot directly amenableto detecting
collision betweenmultiple moving objects. Agarwal et al. [1] andKirkpatrick et al. [21, 22] pro-
posedglobal approachesfor detectingcollision betweenmany moving polygonsin the plane,by
maintaininga tiling of thecommonexteriorof thepolygonsinto �e xible cells,sothatthepolygons
areknown to bedisjoint until oneof thecellsself-collides.It is not clear, however, how to extend
thesetechniquesto : -space.

Most of the work to dateon bounding-volume hierarchieshasfocusedon collision detection
betweenrigid objects.Very little is known aboutmaintainingsuchhierarchiesfor deformableob-
jects.Motivatedby applicationsin indexing spatio-temporaldatabases,therehasbeensomerecent
work on maintaininga bounding-volumehierarchingof a setof independentlymoving points.For
example,R-trees,which arebasicallyaxis-alignedboundingbox hierarchies,have beenproposed
for moving points[31, 28]. Theboundingbox at eachnodeof thehierarchychangesasthepoints
move. Sincethesehierarchiesaggregateboundingvolumesbasedon spatialproximity, they are
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expensive to maintainastheobjectsundergo largedeformations,evenif onedoesnot maintainthe
minimumboundingboxateachnode.

Our results. In this paperwe proposea differentapproachfor maintaininga bounding-volume
hierarchyof a necklace,which is easyto maintainandleadsto fastcollision-detectionalgorithms.
Firstof all, wede�ne in Section2 ahierarchythatreliesonly on topological proximityin theobject
(asopposedto physicalproximity in space),sincethisnotionof proximity is betterpreservedunder
deformation.For our linear necklacesthis givesus an especiallysimplerule for aggregation: we
build abalancedbinarytreeonthesequenceof beads,with theintermediateaggregatescorrespond-
ing to setsof leavesthataredescendantsof internalnodesin thetree.Eachnodeis associatedwith
a spherecontainingall the beadsthat arestoredat the leavesof subtreerootedat that node. We
presenttwo differentwaysof forming the hierarchy. The �rst, calledthe the wrappedhierarchy,
storesat eachnodethesmallestspherecontainingall beadsin thesubtreerootedat thenode.The
second,calledthelayeredhierarchy, storesateachinternalnodethesmallestspherecontainingthe
two spheresstoredat thechildrenof thatnode. We comparethe two hierarchiesanddiscusspros
andconsof eachof them.Surprisingly, it turnsout that,in any dimension,aboundingspherein the
layeredhierarchyis at mosta factorof ;

2
465<0

biggerthanthecorrespondingonein thewrapped
hierarchy, andthisboundis tight in theworstcase.Wepresentef�cient algorithmsfor constructing
andmaintainingthewrappedhierarchyasthenecklacedeforms,exploiting therelative stability of
a combinatorialdescriptionof this hierarchy. In otherwords,we maintaina descriptionof thehi-
erarchyin an implicit combinatorialform, insteadof anexplicit geometricform. But unlike KDS
basedmethods,we canupdatethe wrappedhierarchyafter small motionsof the de�ning beads,
withoutaneedfor explicit motionplans.Thusourapproachis bettersuitedfor incorporationinto a
physics-basedmotionintegratorin whichonly sampledstatesof thesystemaregenerated.

Next, in Section3,weanalyzethewell-known methodsfor detectingcollisionandself-collision
usingspherehierarchies.While thesemethodswork well in practice,no nontrivial, subquadratic,
boundis known on their runningtime. Thequadraticboundarisesin thecasein which bothhier-
archiesaretraversedcompletelyandall leavesof onehave to be checked for intersectionagainst
all leavesof theother. Weshow thata slight variantof thefolklore self-collisioncheckingmethod,
usingthewrappedspherehierarchyandlocal re�nementasnecessary, achievessubquadratictime
bounds:

-=.1032>465<098

in two dimensions,and
-/.10@?BA�?DC�EF8

in G -dimensionsfor GIHJ: — to ourknowl-
edge,this is the�rst subquadraticworst-caseboundfor collision-detectionalgorithmsusingbound-
ing volume hierarchies2. Collision-detectionbasedon bounding-volume hierarchiescan still be
expensive, however. Time K

.10@?BA�?DC�EF8

is required,whenthenecklaceis tightly packed. We there-
fore proposeanothermethod,basedon power diagrams(see[7] andSection3.2 for thede�nition),
which is especiallyfastin this case,sincethesizeof thepower diagramis linear in all dimensions
for packedcon�gurations[10]. Our methodbasicallykeepstrackof theshortestedgeof thepower
diagram.While it wasknown that the closestpair of a setof disjoint ballsde�nes an edgein the

2A similar boundwasreportedconcurrentlywith our work for orientedboundingboxesin [25]. They studiedkine-
matic chainsanalogousto our necklaces,althoughwith a differentmotivation. They were interestedin Monte-Carlo
simulationsof proteinsin which a singletorsionalbondrotatesat eachtime step,possiblyby a largeangle
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powerdiagram[17], thatresultdoesnotapplydirectly to ourproblemsinceweallow adjacentbeads
of a necklaceto overlap.

Finally, we presentanddiscussexperimentalresults,which validateour claimsandprove the
effectivenessof our methods. Our simulationsshow that the wrappedhierarchyis much more
stableundermotion than the power diagram,oneof the alternatives for collision detection. For
typicaldatathetightnessof �t of thelayeredandwrappedhierarchiesarefairly close.Furthermore,
whenthe layeredandwrappedhierarchiesareusedin their entirety, the greatersimplicity of the
boundingvolumecalculationsfor the layeredhierarchymakesit faster. However, we canexploit
thecombinatorialstructureof thewrappedhierarchyto performmuchfastercollisiondetectiontests
betweendisjointobjects.

2 Necklacesand Bounding-Sphere Hierar chy

2.1 Necklaces

A necklaceconsistsof a sequenceof
0

closedballs LNMPO�Q/R�SDQ

?

S�T�T�TUSDQWV�X , calledbeads, in the
Euclideanspace)

E

. We assumethatonly adjacentballsalongthenecklacemay intersectandno
ball is fully containedin anothersetof balls. We alsoassumethebeadssatisfythe following two
properties:

uniformity: thereis a constantYZH\[ suchthattheratio of theradii of any two ballsin a necklace
is in theinterval ]^[�_FY�S`Yba ; and

connectivity: thebeadsform a connectedset— in otherwords,any two consecutive beadsalong
thenecklacehave apoint in common.

We refer to the polygonalpathconnectingthe centersof the beads(in order)asthe backboneof
thenecklace.Whateverconditionsweadopt,weassumethatthey aremaintainedby theunderlying
physicscausinga necklaceto move or deform.Weremarkthatsimilar “necklaceconditions”were
studiedfor establishingtheoptimality of toursin theplane[8]. As mentionedin the introduction,
theseconditionscapturethepropertiesof a large family of shapessuchasproteinsandropes.The
following lemmais asimpleyetusefulpropertyimpliedby thenecklaceconditions.

Lemma 2.1 Supposethat the minimumradius of the beadsis [ . Thenany ball with radius c

contains
-/.

Y

E

c

E�8

beads,andany d consecutivebeadsarecontainedin a ball with radius
-=.

Yed

8

.

2.2 Bounding sphere hierarchy

Givena sequenceof beads,we canconstructa boundingvolumehierarchyby iteratively grouping
thebeadsinto largerandlargersets.Thegroupingcanberepresentedasa (binary)hierarchytree
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whereeachleaf correspondsto a bead,andeachinternalnodecorrespondsto a subsetof thebeads
underneaththe node. For eachinternalnode,we computea sphere,which we call a cage, that
enclosesall thebeadsrepresentedby theleavesunderneaththenode.

Typically, thegroupingshouldbedonein a way suchthatthecageshave smallsize.Although
this approachis good for rigid objects[30], a sophisticatedgroupingmay incur high cost when
thenecklacedeformsbecauseit hasto bere-computedwhenever thebeadsmove. Becauseof the
uniformity andconnectivity of thenecklaces,wegroupthebeadsby simplyconstructingabalanced
binarytreeontopof thebeadsaccordingto theirorderin thenecklace.Althoughthismaynotbethe
bestwayto constructthehierarchyastwo beadsfarawayin thesequencemaybespatiallyclose,the
bene�t is obvious:weneverneedto changethetopologyof thetreewhenthenecklaceis deforming,
andsuchgroupingresultsin reasonablycompactboundingcagesby thenecklaceproperties.

For eachnodef in thehierarchytree,let LhgjikL bethesetof beadsstoredat theleavesof the
subtreerootedat f . L g is a contiguoussubchainof theoriginal necklace.A cage l g , storedat f ,
is a spherethatcontainsall thebeadsin L3g . This is oneinstancewherewe heavily usethea priori
known structureof thetypeof objectwe aremodeling.We de�ne thelevel of a nodein thetreeto
bethemaximumdistanceto a leaf nodeunderit. By de�nition, theleavesareat level m . De�ne the
heightof a treeto bethelevel of its root.

Giventhehierarchytree,we still needto decidehow thecagesarecomputed.Weconsidertwo
differentmethodsfor computingthe cages. In onemethod,the cageis de�ned as the minimum
enclosingsphere (MES) of thebeadsunderneaththecorrespondingnode. The resultedhierarchy,
denotedas n Mon

.

L

8

is calledthe wrappedhierarchy. The cagesof the childrenof a nodein
n

.

L

8

canstickoutof thecageof its parent;seeFigure2 (i). In theothermethod,wheretheresulted
hierarchyis calledlayeredhierarchy [29] anddenotedas pqMqp

.

L

8

, eachcageis computedasthe
MES of thecagesof its two children; seeFigure2 (ii). Thoughthewrappedhierarchyis slightly
moredif�cult to computethanthelayeredhierarchy, it is tighter�tting andmostimportantlyit can
bemaintainedmoreeasilyunderdeformation— afactthatat �rst seemscounter-intuitive. Wewill
thereforemostlyfocuson thewrappedhierarchy.

(i) (ii)

Figure 2. Wrapped(left) andlayered(right) spherehierarchies.Thebasebeadsareblack. Noticethateachcagein the
wrappedhierarchyis supportedby 2 or 3 beads.

For a set r of spheresin )

E

, let s

.

r

8

bethesmallestspherethatcontainsall thespheresin r .
Thebasisof r , denotedas t

.

r

8

, is thesmallestsubsetuNivr sothat s

.

u

8

Mvs

.

r

8

. It is well
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known that w uxw�yzG|{}[ in )

E

. Thefollowing well-known propertyof minimumenclosingspheres
will becrucialfor ouralgorithm.

Lemma 2.2 Let r bea setof spheres,andlet u~i\r . If all spheresin r are containedin s

.

u

8

,
then t

.

u

8

Mkt

.

r

8

.

For thewrappedhierarchy, l•g/M€s

.

LWg

8

. Let t�g•M€t

.

l�g

8

. Thekey propertyof thewrapped
hierarchythat is of interestto usis that l‚g is fully determinedby t9g , a setof at mostfour spheres
from L�g for GxMƒ: .

2.3 Construction and maintenanceof the hierarchy

Thewrappedhierarchyn

.

L

8

canbeconstructedby computings

.

L„g

8

at eachnodeof thehierar-
chy. Thereis a complex linear-time deterministicalgorithmfor computingtheminimumenclosing
sphereof a setof congruentspheres[26], andthereis a simplerandomizedalgorithmwith linear
expectedtime [32]. If the beadshave different radii, the randomizedalgorithm is slightly more
complicatedbut with the sameoverall runningtime [20]. Therefore,it takes

-/.1032>4657098

time to
constructn

.

L

8

of anecklaceL with
0

beads.

Next we describehow we maintainthe wrappedhierarchyas the necklacedeforms. As the
necklacedeforms,l•g atall nodesf of thehierarchychangescontinuously, but t…g remainsthesame
for aperiod.At certaindiscreteeventst

g changestypically by apivoting stepin which

(i) anold basisbeadleavesthebasis,and

(ii) anew beadfrom theenclosedsubnecklaceentersthebasis.

At timesonly oneof theseeventshappens(i.e., the sizeof the basisreducesby oneor increases
by one), but the total numberof basisbeadswill always remainat most four for GƒM†: . This
combinatorializationof a continuousphenomenonis an insight analogousto what is exploited in
kineticdatastructures.

Figure3. A combinatoriallyde�nedspherehierarchyis stableunderdeformation.Only thetoplevel cagediffersbetween
thetwo conformations.

We expectthatundersmoothdeformationthecombinatorialdescriptionof thecages(i.e. their
basisbeads)will stayunchangedfor a fairly long time, andwhen�nally thebasisof a cageneeds
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to change,thatchangewill beeasyto detectandthebasisupdatesimpleto perform.For instance,
in Figure3 we show a 2-D exampleof theupperlayersof sucha hierarchyin two quitedifferent
con�gurationsof adeformingnecklace.It sohappensthatall thehierarchycagesexceptfor theroot
cagecontinueto have thesamecombinatorialdescriptionatall intermediatecon�gurations.

Recallthatour goal is to updatethewrappedhierarchyat eachtime step.Let L

.1‡D8

denotethe
con�gurationof thenecklaceat time

‡

. Similarly de�ne L„g

.1‡D8

, l�g

.1‡D8

, tUg

.1‡D8

, and n

.1‡D8

Mkn

.

L

.1‡D8`8

.
At timestep

‡

, we needto verify thecorrectnessof thehierarchy, i.e.,determinewhethert g

.1‡‰ˆ

[

8

is still the basisof l•g

.1‡D8

, for all nodesf in the hierarchy, andupdatethosewhich areno longer
correct.

Theveri�cation is donein ahierarchicalmanner, bottomupwith atopdown passfrom eachtree
node;wecall thismethodthecascadeveri�cation. Supposethatwehavecheckedthevalidity of the
descendantsof a node Š . We �rst computetheminimumenclosingsphere‹ŒMqs

.

t<•

.1‡<ˆ

[

8`8

. By
Lemma2.2, it is suf�cient to checkthatall thebeadsin L • arecontainedin ‹ . This canbeeither
donedirectly in linear time, which we call naiveveri�cation, or indirectly as follows. Maintain
a frontier, Ž , initially containingthe childrenof Š . At eachstepwe take a node f out of Ž and
determinewhetherl•g

.1‡`8

iq‹ . If theansweris yes,we move to thenext nodein Ž . If l‚g

.1‡`8/•

iq‹

and f is aninternalnode,thenwe addits childrento Ž . Finally, if l•g

.1‡D8x•

iƒ‹ and f is a leaf, then
we concludethat thebead Q|g hasescapedfrom ‹ and t9•

.1‡‘ˆ

[

8

is no longervalid andneedsto
beupdated.If we cancontinuetheabove processuntil Ž becomesemptywithout encounteringan
escapedleafnode,weknow that t

•

.1‡`8

MJt
•

.1‡@ˆ

[

8

.

If beadsescapefrom anenclosingcage l
• , a basisupdatemustbeperformed.At leastoneof

theescapedbeadsmustbeabasisbeadfor thenew cagel•• . TheLP-typealgorithm[32] allowseasy
exploitationof thisknowledgein anaturalmanner, aswell aseasyuseof otherheuristicinformation
aboutwhichbeadsarelikely to bebasisbeads.Thecostof theupdateis expectedto belinearin the
numberof beadsenclosedby thecage.

Remark. It is temptingto try to acceleratethe above processby noting that the geometry
belongingto acagemustbecontainedin theintersectionof thecageson thepathfrom thatnodeto
theroot,andcheckingto seewhetherthisvolumeis containedin thecagebeingveri�ed. However,
in practicetheextra complexity of this checkmorethanoutweighsits bene�ts. While in theworst
case,theaboveproceduremaytake K

.1032>4657098

timeif all pathsneedtobetraversed,ourexperiments
suggestthanin mostinstancesthe actualtime is closerto linear, asonly pathsto the basisbeads
needto bechecked.

2.4 Tightnessof layeredhierarchy

While thewrappedhierarchyis alwaystighter thanthe layeredhierarchy, it is interestingto know
exactlyhow muchdifferencetherecanbebetweenthetwo. Theradiusof acagelUg in thewrapped
hierarchyis only determinedby the set Lhg On the other hand, the radiusof l•g in the layered
hierarchydependson how thebeadsin Lhg areordered.In the following, we show thatno matter
how weorderthebeads,theradiusof thecageat therootof thelayeredhierarchyis atmost ; ’

{“[
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timesthethatof thewrappedhierarchy, where’ is theheightof thehierarchytreeandis ”

2>46570••

for
thebalancedhierarchytreewe usein this paper.3 This boundis almosttight in thesensethatthere
exist a sequenceL of spheres(pointsactually)suchthat the radiusof cageat theroot of p

.

L

8

is
;

’ largerthantheradiusof s

.

L

8

.

Theorem 2.3 Let L be a necklacewith
0

beadsin )

E

, and let – be a hierarchy treeof L whose
height is ’ . If we denoteby —F˜™SD—�š the radii of the root spheres for the wrappedand layered
hierarchiesof thepoint set,respectively, then

— š y›— ˜

;

’

{“[œT

Thisboundis almosttight in theworst case.

Thefollowing lemmaprovestheupperbound.

Lemma 2.4 Let L bea necklace, let
-

and c bethecenterandtheradiusof s

.

L

8

, andlet
-|•

and
c

•

bethecenterandtheradiusof a cage on level ž in thelayeredhierarchy of L . Let G

•

MŸw

-h- •

w .
Then

c

?

•

y

.

ž+{k[

8¡.

c

?

ˆ

G

?

•

8

T

Proof. Without lossof generality, let usassumethat cvM~[ . We prove thelemmaby inductionon
ž . Weshouldemphasizethat

-

and c are�x edthroughouttheinduction.

For ž|M¢m , a m -th level cageQ is a beadin L . Since QPiƒ£

.

L

8

, we have that c„¤3M¢c

.

Q

8

y

[

ˆ

G¥¤ whereG¥¤|yƒ[ . Therefore

c

?

¤

y

.

[

ˆ

Ge¤

8

?

yq[

ˆ

G

?

¤

T

Now, we assumethat the lemmaholdsfor all spheresat level ž

ˆ

[ in the layeredhierarchyand
show thatthelemmastill holdsfor spheresat level ž .

Let ¦ and § bethecenterandtheradiusof a cage l storedat a node f whoselevel is ž in the
layeredhierarchy, andlet ¦�R¡S¨¦

? and §bR©S`§

? thecentersandradii of thecagesl9R�S¡l

? storedatthetwo
childrenof f . Let G/Mªw

-

¦=w , G
R

Mªw

-

¦
R

w , and G

?

Mªw

-

¦

?

w , seeFigure4. By inductionhypothesis,
§

?

R

ykž

.

[

ˆ

G

?

R

8

and §

?

?

ykž

.

[

ˆ

G

?

?

8

. We will show that §

?

y

.

ž‘{q[

8¡.

[

ˆ

G

?
8

. This is clearly true
when l is identicalto oneof lUR and l

? , soassumethat ¦ is biggerthanboth l9R and l

? .

Let «�R‘Mvw¬¦h¦RFw , «

?

Mvw¬¦h¦

?

w , ®�M

.

§6R@{¯§

?

8

_œ° , and « M

.

«�R@{"«

?

8

_œ° , asin Figure4. Then

§hMk§
R

{"«
R

Mk§

?

{¯«

?

M}®‘{±«�T

Let ²³M

.

«

?

ˆ

«�R

8

_œ°´M

.

§bR

ˆ

§

?

8

_œ° . Since µ

4b¶F.¸·-

¦h¦¹R

8

M

ˆ

µ

4b¶º.¸·»-

¦„¦

?

8

, usingthe law of
cosines,we obtain:

«

?

R

{"G

? ˆ

G

?

R

°œ«�R�G

M

ˆ

«

?

?

{"G

? ˆ

G

?

?

°œ«

?

G

T

3All logarithmsaretakenbase¼ in thispaper.
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½�¾ ½¨¿

À Á

¿

Á

Á

¾

À

¾

À

¿

Â

Figure 4. A spherein the layeredhierarchyandits two children. Lemma2.4 provesthat the fartherthecentersof the
childrenarefrom thecenterof theirparent,thesmallertheir radii mustbein comparison.

Thatis,

G

?

M

«

?

G

?

R

{"«�R�G

?

?

«�R@{"«

?

ˆ

«
R

«

?

T (1)

UsingEquation(1) wehave

G

?

y

.

«|{±²

8¡.

[

ˆ

§

?

R

_�ž

8

{

.

«

ˆ

²

8¡.

[

ˆ

§

?

?

_�ž

8

°œ«

ˆz.

«

ˆ

²

8¡.

«3{±²

8

M

°œ«

ˆ

«

.

§

?

R

{"§

?

?

8

_�ž

ˆ

²

.

§

?

R

ˆ

§

?

?

8

_�ž

°œ«

ˆz.

«

?

ˆ

²

?

8

M [

ˆ

[

°Fž

.

§

?

R

{¯§

?

?

8‰ˆ

²

°œ«ež

.

§

?

R

ˆ

§

?

?

8‰ˆz.

«

?

ˆ

²

?

8

M [

ˆ

®

?

{±²

?

ž

ˆ

°6®º²

?

«ež

ˆz.

«

?

ˆ

²

?

8

T

Thus,

.

ž7{“[

8¡.

[

ˆ

G

?

8@ˆ

§

?

H

.

ž7{“[

8¹Ã

®

?

{"²

?

ž

{

°6®F²

?

«ež

{

.

«

?

ˆ

²

?

8ÅÄ/ˆz.

®�{"«

8

?

T

Simplifying theright handsideof theabove inequality, weget:

.

ž7{“[

8¡.

[

ˆ

G

?

8@ˆ

§

?

H

.

ž¡«

ˆ

®

8
?

«�RD«

?

{

.

®�{"«

8
?

²

?

ž¡«

?

Hzm�T

Thus, §

?

y

.

ž+{“[

8¡.

[

ˆ

G

?
8

. Thiscompletestheinductive proof. Æ

Theabove lemmaimmediatelyimpliestheupperboundin Theorem2.3since

—
š

y

.

’

{“[

8¡.

c

?

ˆ

G

?

8

y

.

’

{}[

8

c

?

T
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The proof of Lemma2.4 extendsto higherdimensionsasEquation(1) holds in any dimensions.
In what follows, we show that the inequalityin Lemma2.4 canbemadealmosttight, andwe can
constructasetof pointsto attaintheupperbound.

Lemma 2.5 For any ’ÈÇ

m , there is a setof °eÉ pointsin theplanesuch that — š H¢— ˜

;

’ , where
— ˜ SD— š denotetheradiusof theroot sphere in thewrappedandlayeredhierarchy, respectively.

Proof. Weconstructacollectionof pointsin theplanesuchthattheirwrappedhierarchyhasradius
[ andtheir layeredhierarchyhasradius ;

’ . The constructionis doneincrementally. We �rst �x
any point

-

andplaceapointat
-

¤ suchthat w

-„-

¤ weM€[ . Let r ¤ MqO

-

¤ X .

O O0

O1

O2O3

Root ball�
of wrapped�
hierarchy

Root ball�
of layered�
hierarchy

Figure5. Theconstructionof asetof Ê�Ë pointsonacircleof radiusÊ suchthattherootcircleof theirlayeredhierarchyhas
radius Ì ÍÏÎBÐ9Ê�Ë‘Ñ•¼ . Thepoint Ò@Ó is chosenarbitrarily. Right trianglesÒ…Ò‰Ó`Ò

¾ , Ò…Ò

¾

Ò

¿ , Ò…Ò

¿

Ò9Ô arethenconstructed
suchthat Õ Ò@ÓDÒ

¾

Õ¨ÑÖÕ Ò

¾

Ò

¿

Õ¨ÑÖÕ Ò

¿

Ò@Ô�Õ¨ÑÖÊ`×B¼ . Thepointsetis constructedastheclosureof thesingletonset Ø�Ò‰Ó¨Ù with
respectto the re�ections over the lines Ò…Ò

¾ , Ò…Ò

¿ , Ò…Ò
Ô , andthe re�ection over thepoint Ò . Theothercirclesin the

layeredhierarchyarealsoshown.

Supposethat we have constructedthe set r

•

the �rst °

•

pointsfor ž´y

’

ˆ

° . Let
-»•

be the
centerof thespherecovering r

•

in thelayeredhierarchy. To constructtheset r

•ÛÚ

R , we �rst �nd the
point

- •ÛÚ

R
suchthat(1)

·»-h-»•ÛÚ

R

- •

M¢ÜœmbÝ , and(2) w

- •¨- •ÛÚ

R
w¥MÞ[�_

;

’ . We canthenconstructr…ß

•

by �ipping all thepointsin r

•

abouttheline
-h-»•ÛÚ

R . We thenset r

•ÅÚ

R
M\r

•@à

r
ß

• . Finally, we �ip
r

É

A

R
aboutthecenter

-

to obtain r…ß

É

A

R

andset r

É

Mqr

É

A

R

à

r@ß

É

A

R

. SeeFigure5.

First, we show that theabove constructionis valid as
-�•

's arewell de�ned. Since w

-„-•ÛÚ

R
w•M

á

w

-„-�•

w

?

ˆ

[�_

’ , it is easyto derive, by induction,that w

-h-W•

w�M

á

[

ˆ

ž©_

’ . Therefore,aslong as
ž|y

’

ˆ

° , we have that w

-„-»•

w

Ç

[�_

;

’ andthus
- •ÛÚ

R
alwaysexists.
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In theaboveconstruction,sinceeach�ipping is eitherabouta line passingthroughthecenter
-

or about
-

itself, thedistancefrom thepointsto
-

remainthesame,i.e.all thepointsareontheunit
circlecenteredat

-

. Thus,theradiusof s

.

r

É

8

is [ . Now, we show thatin theabove construction,
thesphereQ

•

covering r

•

in the layerhierarchyhasradius ž©_

;

’ . This is doneby inductionon ž .
Clearly, it is truewhen ž3Mâm . Supposethat it is truefor ž . Accordingto theconstruction,

-3•ÛÚ

R
is

thecenterof Q

•ÛÚ

R
becausethe line segment

-•�-

ß

• is perpendicularto the line
-h-¹•ÅÚ

R
at thepoint

- •ÛÚ

R . Thus,

c

•ÛÚ

R M“c

•

{

w

- •�-

ß

•

w

°

M

ž

;

’

{ƒw

- •B-�•ÛÚ

R wbM

ž7{“[

;

’

T

Theradiusof therootspherein thelayeredhierarchyof r

É

is therefore’

_

;

’

M

;

’ , while the
radiusof s

.

r

É

8

is [ .

Theorem2.3is thecombinationof Lemmas2.4and2.5. Æ

Remark. We shouldremarkthat in Theorem2.3, theupperboundappliesto any groupingby
which we constructthelayeredhierarchywhile the lower boundconstructionis only valid for that
particular hierarchytree. If we group the pointsconstructedin Lemma2.5 differently, e.g. by
groupingantipodalpointsat the�rst level, thenwe mayobtaina layeredhierarchyin which all the
sphereshave radius [ .

3 Collision Detection

Let LãM äåQ„R©S�T�T�TUSDQWVçæ be a necklacewith
0

beads. We describealgorithmsfor determining
whetherany two nonadjacentbeadsin L intersect. As we will seebelow, we caneasilymodify
thesealgorithmsto detectcollision betweentwo necklaces.We �rst describean algorithmbased
on thewrappedhierarchyof L , which workswell whenthenecklaceis not tightly packed. Next,
we describean algorithmbasedon the power diagramof L , which is ef�cient for tightly packed
necklaces.

3.1 Collision detectionwith the wrapped hierarchy

Thefollowing algorithm,shown in Figure6, is thestandardframework for collisiondetectionusing
boundingvolumehierarchies,adaptedto necklaces.We use – to denotethewrappedhierarchyof

L , with Y beingits root. Let è

.

Š

8

(resp. §

.

Š

8

) denotethe left (resp.right) child of a node Š . The
algorithmtraverses– in a top-down mannerandmaintainsa queueé of nodepairs

.

ŠUS`f

8

so that
l�• and l�g intersect.Thealgorithmeither�nds apairof intersectingcagesor deducesthatthereare
no intersectingpairof nonadjacentbeadsin L .

Thecorrectnessof theabovealgorithmis obvious.Therunningtimelargelydependsonhow the
SPLIT procedureis implemented.Therearenumerousheuristicsfor decidingwhich nodeto split.
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Algorithm: BVH-COLLISION-DETECT ( – )

é = O

.

Y�S`Y

8

X

while é

•

Mƒê do
.

ŠUS`f

8

= DELETE-FRONT ( é )
if l�•¹ë´l�g

•

M}ê then
if

2>ì©íœî�.

Š

89ï•2>ì©íœî�.

f

8

then
if Š

•

ð

O©f�S

í6ñºòF.

f

8

X then
return (COLLISION)
fi

else if Š = SPLIT ( Š , f ) then
INSERT (

.

è

.

Š

8

S`f

8

, é ), INSERT (
.

§

.

Š

8

S`f

8

, é )
else INSERT(

.

Š9SDè

.

f

8`8

, é ), INSERT (
.

ŠUS`§

.

f

8`8

, é )
fi

fi
fi

end-while

Figure 6. The collision-detectionalgorithm for two necklacesusing their spherehierarchy. SPLIT ( ó , ô ) procedure
determineswhetherthealgorithmshouldrecursively explorethechildrenof ó or of ô .

But nosubquadraticworst-caseboundswereobtainedfor generalobjects.Weshow thatwecanuse
a simpleheuristicsothat theabove algorithmrunsin subquadratictime for necklacs,in particular,
in

-=.1032>4657098

time in )

?

andin
-=.10•õ�C

*

8

time in )
* .

Wenow considertheabovecollision-detection algorithmfrom adifferentperspective,by view-
ing it astrying to derive a non-intersectionproof by �nding a suf�cient setof separating bounding
volumepairs while walking down thehierarchy. Thealgorithmreportsa collision if it fails to pro-
ducesucha setof pairs.Althoughtheframework canbestatedin a moregeneralsetting,we focus
on self-collisionfor necklaces.More precisely, supposethat LªMöäåQ=R©SDQ

?

S�T�T�T�SDQWV�æ is a necklace
with

0

beads,and – is a boundingspherehierarchybuilt on L . Eachinternalnode f in – stores
a cage l�g on the subsetL�g of spheresstoredat the leaves of the subtreerootedat f . A family

÷

M\O

.

l
•Fø

S¡l
g`ø

8

X , whereŠ•ùúS`fœù arenodesof – , is calledaseparating family for Q if:

(S1) for any û , l�•�ø and l�g�ø aredisjoint,and

(S2) for any ûDSÅü , where w ü

ˆ

ûBw

Ç

[ , thereexistsa , sothat Q
ù

ð

l�•Fý and Q þ

ð

l�gDý .

Thesizeof
÷

is thenumberof pairsin thefamily.

A separatingfamily
÷

servesasa proof of non-collisionbetweenthenonadjacentbeadsof L .
Theminimumsizeof a separatingfamily is crucialasit providesa lower boundon thecostof any
collision-detectionalgorithmthatusesthehierarchy– andfollows thegeneralapproachdescribed
in Figure6. Weanalyzethesizeof theseparatingfor thewrappedhierarchyof L .
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Therehasbeensomeprior researchon constructingseparatingfamilies for a set of balls—
constructa family ÿ of “canonicalsubsets”of L andcomputea separatingfamily of L usingthe
canonicalsubsetsin ÿ . If we areallowedto de�ne ÿ arbitrarily, i.e., it is not thesetof cagesstored
at the nodesof a bounding-volume hierarchyon L , therealwaysexists a setof

-/.1098

separating
pairsfor

0

disjointballs[18, 4]. However, to ourknowledge,theseparatingfamiliesbasedonprede-
�ned hierarchicalstructureshave not beenstudiedcombinatorially. Here,wewill show thatfor the
wrappedhierarchyin )

E

, therealwaysexistsa separatingfamily of size
-=.��/í��

O

032>465<0

S

0 ?BA�?DC�E

X

8

if thereis no collisionbetweenany pairof two non-adjacentbeads.

Theorem 3.1 Let L}M¢OFQjR�SDQ

?

S�������SDQWV�X bea sequenceof
0

beadsin )

E

, satisfyingtheuniformity
assumption.Thenthere existsa separating family for L of size

-/.��=í��

O

032
465<0

S

0…?BA�?DC�E

X

8

in its
wrappedhierarchy. Thisboundis asymptoticallytight in theworst case.

Proof. We assumethat the minimum radiusof the beadsis [ . By Lemma2.1, thereareat most
-/.

c

E 8

beadscontainedin any ball with radius c . We now give an algorithmfor constructinga
separatingfamily

÷

.

���

�

ý

	

�

Figure7. Separatingpairsin 


ø

�

.

Fix an integer m yâû„y

2
46570Öˆ

[ . Set §
ù

M °

ù . Let l¥þ be the cagein thewrappedhierarchy
that enclosesthe beadsQ��

þ

A

R�

Á

ø

Ú

R

S�T�T�TUSDQ þ

Á

ø . Clearly, the radiusof lçþ is at most c
ù

M

-=.

§
ù

8

,
by Lemma2.1. Let �

ù

M O6l•R¡S¡l

?

S�T�T�T
X be the resultingsetof spheres;w �

ù

w7y��

0

_œ°

ù�� . For each
l¥þ

ð

�

ù , let �„þ bethesetof pointsthatareatmost �œc
ù
distanceaway from apoint in l þ , i.e.,

�jþ¹M\O��Öw����

ð

l¥þ+w ����w�y��œc
ù

XbT

�
þ is a ball of radiusat most Üœc|ù concentricwith l

þ . For any ball l��

ð

�

ù sothat l��Ii��
þ! 

l
þ ,

we addthepair
.

l�þ6S¡l��

8

to theseparatingfamily. Let
÷

ù

þ

bethesetof pairsaddedto thefamily for
l¥þ . Werepeatthisprocessfor all ballsin �

ù , andset
÷

ù

M#"

þ

÷

ù

þ

. Set

÷

M

$&%('

V

A

R

)

ù+*
¤

÷

ù

T
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We claim that
÷

is a separatingfamily for L . It is obvious from the constructionthat all the
pairsin

÷

aredisjoint. We needto arguethat it coversall the pairsof beads.Considera pair of
disjointbeads

.

Q

•

SDQ-,

8

. Denoteby l

ù

• and l

ù

,

the û -th level (thelevel increasesbottomupstarting
from m ) cagesthatcontain Q

•

and Q., , respectively. Let / M

�/í��10

û wel

ù

•

ë™l

ù

,

M}ê32 . It is easyto
seethateverypoint in l54

• is within distance6bc

4

Ú

R‘M#�œc

4

from thecenterof l54

,

becausel

4

Ú

R

• and
l�4

Ú

R

,

intersect.Therefore
.

l54

•

S¡l�4

,

8

ð

÷

. Hence,
÷

is aseparatingfamily.

Next, we boundthesizeof
÷

. Notethat
$&%('

V

A

R

7

ù+*

¾

8

$&%('

V

Ú

R

w �

ù

w6M

$&%('

V

A

R

7

ù9*

¾

8

$&%('

V

Ú

R

:

0

°

ù<;

M

-=.10

R

A

R

C�E

8

T

Since w

÷

ù

w�y>=@? A

ø

??CB ,
$&%('

V

A

R

7

ù+*

¾

8

$&%('

V

Ú

R

w

÷

ù

w6M

-/.10

?BA�?DC�E

8

T

It thussuf�ces to bound w

÷

ù

w for m/y±û7y

.

[�_ºG

8�2>465�0

.

Every pair
.

l�þ6S¡l��

8

in
÷

ù

þ

“covers” §

?

ù

M °

?

ù pairsof beads.For any pair of beads
.

Q3•çSDQWg

8

coveredby this pair, their centersarewithin distanceÜœc
ù becausel��=iD�„þ . Therefore,

÷

ù covers
°

?

ù

w

÷

ù

w pairsof beads.By apackingargument,thereareatmost
-=.`.

Üœc
ù

8úEF8

M

-/.

°

E

ù

8

beadswhose
centersarewithin distanceÜœc

ù from thecenterof thebeadQ|• . Hence,°

?

ù

w

÷

ù

wçM

-=.10

°

E

ù

8

, which
impliesthat w

÷

ù

w6M

-/.10

°

�

E¡A�?


ù

8

. Therefore,

w

÷

w~M

-/.10

?BA�?DC�E

8

{

¾

8

$&%('

V

7

ù+*
¤

-=.10

°

�

E¡A�?


ù

8

M

-/.��/í��

O

032>465+0

S

0

?BA�?DC�E

X

8

T

Thiscompletestheproofof theupperbound.

To show theboundtight in theworstcase,consideran
0

R

C�EFE

�����

E30

R

C�E

G -dimensionalgrid. We
canform anecklaceL by tracingandconnectingthesegmentsparallelto the � -axisin thegrid. By
theconstruction,L contains

0

R

A

R

C�E

� -axisalignedsegments,eachof length
0

R

C�E

. Weclaimthatany
separatingfamily of L in its wrappedhierarchyhassize G

.��/í��

O

032>465+0

S

0
?BA�?DC�E

X

8

. First we show
thatfor two parallelsegments,eachwith d beads,atdistanceH whereH

ð

] ûDS`ûD{=[

8

, weneedG

.

d´_Fû

8

pairsto cover thebeadson them.Supposethat u R�SDu

?

S�T�T�T9SDuI, and QjR©SDQ

?

S�T�T�T9SDQ-, arethebeads
on thetwo parallelsegments.Considerthe G

.

d´_Fû

8

pairs JvM

0
.

u
ùLK

þ6SDQ
ùLK

þ

8

w�[3y üIyNM

,

ù�O

2 . Since
thetwo segmentsareatmost û�{›[ away from eachother, it is impossibleto separatetwo pairsin J

usingthesamepairof cages.Thus,it requiresG

.

d´_Fû

8

pairsto separatethetwo segments.

Ontheotherhand,if weprojecteachline segmentto thesubspaceorthogonalto the � -axis,then
eachline segmentbecomesa latticepoint in G

ˆ

[ dimensionalspace.Theboundon thenumber
of latticepointsin sphericalshellsimpliesthatthereare G

.

û

E¡A�?
8

latticepointsin thedistancerange

14



] ûDS`û7{ª[Ba from a lattice point in )

E¡A

R . Therefore,thereare G

.10

R

A

R

C�E

û

E¡A�?�8

pairsof segmentsat
distanceH apartfor H

ð

] û�S`û6{ [

8

. Further, wecanpick thesegmentssothatany cagecontainingtwo
beadson differentsegmentshasradiuscomparableto theminimumenclosingsphereof thewhole
necklace.For example,in two dimensions,we pick all theline segmentscorrespondingto theodd
rows. Sincethereare G

.10

R

C�EF8

beadson eachsegment,thenumberof pairsin any separatingfamily
is

V

¾QP

8

7

ù9* R

GSR

0

R

A

R

C�E

�©û

E¡A�?

0

R

C�E

ûUT

M

V

¾QP

8

7

ù+* R

G

.10

û

E¡A

*

8

MVG

.��=í��

O

032>465+0

S

0

?BA�?DC�E

X

8

T

Æ

¿FromTheorem3.1, it follows that therealwaysexists a collectionof subquadraticallymany
(

-/.1032>465+098

for G Mö° and
-=.10 ?BA�?DC�E 8

for G"HŸ: ) separatingpairsif any two non-adjacentbeads
aredisjoint. The above constructive proof alsosuggeststhe following simplebalancingheuristic
in decidingwhich nodeto split: we alwayssplit thenodethatcontainsmorebeadsandbreakthe
tiesarbitrarily. Thenin theprocessof thealgorithm,thecageswe comparealwayscontainsimilar
numberof beads.Therefore,the proof of Theorem3.1 applies— the numberof pairsexamined
by the algorithmis boundedby the quantitygiven in Theorem3.1. Therefore,we concludethe
following that

Theorem 3.2 Let L bea necklacein )

E

with
0

beads.Usingits wrappedhierarchy n

.

L

8

, wecan
determinein time

-=.��/í��

O

032
46570

S

09?BA�?DC�E

X

8

timewhethertwononadjacentbeadsin L intersect.

If we wish to determinewhethertwo necklacesL
R and L

? intersect,we invoke the algo-
rithm BVH-COLLISION-DETECT by inititializing the queueto

.

Y•R©S`Y

?

8

, where Y
ù is the root of

thewrappedhierarchyof L
ù
. Thesameanalysisimpliesthefollowing.

Corollary 3.3 Let LxR©SDL

? betwo necklacesin )

E

with
0

beadseach. Usingtheir wrappedhierar-
chies,wecandeterminein time

-/.��/í��

O

032>465+0

S

09?BA�?DC�E

X

8

timewhetherLjR©SDL

? intersect.

Remark. We canalsouselayeredhierarchyfor collision detectionbetweentwo necklaces,but no
subquadraticboundon the sizeof a separatingfamily basedon the layeredhierarchyis currently
known. However, we believe combiningtheseparatingsetboundfor thewrappedhierarchy, The-
orem3.1, with cageradiusratio bound,Theorem2.3, shouldyield a subquadraticboundfor the
layeredhierarchy.

3.2 Using power diagrams

Theorem3.1givesusasubquadraticalgorithmfor collisiondetectionbetweentwo necklaces,using
thewrappedhierarchy. While the boundis

-/.1032
4657098

in )

?

, it is K

.10•õ�C

*

8

in )
* . Thealgorithm

takes G

.10
õ�C

*

8

timewhenthenecklacesaretightly packed(e.g.globular proteins)sincemany cages
in thehierarchyoverlapwith eachotherandthealgorithmhasto traversedeepdown thehierarchy
beforebeingableto locatedisjointcages.A recentresultby Erickson[10] shows thattheDelaunay

15



triangulationhaslinearcomplexity for a densesetof points.Althoughthatresultdoesnot directly
applyto thepower diagrams(seebelow for thede�nition), we maystill expectthata similar result
holdsfor the power diagramof a densesetof ballswith comparablesizes.Guibaset al. [17] had
shown that the closestpair of balls areneighborsin the power diagramif the balls arepairwise
disjoint. Thereforewemayusethepowerdiagramfor detectingcollisionbetweenasetof pairwise-
disjoint balls. We, however, allow consecutive beadsto overlap,so that resultno longerapplies.
We �rst show thatwe canstill usethepower diagramto performcollision detectionbetweentwo
necklaces,andthendiscusshow to maintainthepowerdiagramunderourmotionmodel.Weprove
our resultaboutthepower diagramin amoregeneralsetting.

Let LvMÞO�Q„R�S�T�T�TUSDQWV�X bea collectionof balls in )

E

, andlet W ù S`§ ù bethecenterandradiusof
Q ù , respectively. Thepowerof apoint �

ð

)

E

to Q ù , denotedas X

.

�USDQ ù

8

, is

X

.

�9SDQWù

8

MZY@�

ˆ

WBù<Y

?

ˆ

§

?

ù

T

Thepowercell of Q ù is[

.

QWù

8

M\O��

ð

)

E

w�X

.

�9SDQ¹ù

8

y�X

.

�USDQ þ

8]\

[|y±û7y

0

XbT

Thepower cellsof spheresin L cover )

E

. Thepowerdiagram of L is thedecompositionof the

^`_
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^`_

Á

_

Á a

_

a bdc

¤

Á

a
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_

Á

_

(i) (ii)

Figure8. (i) Two orthogonalballs,(ii) two ballsfartherthanorthogonalfrom eachother.

spaceinducedby thesepower cells andtheir boundaries.The dual of the power diagramof Q is
calledtheweightedDelaunaytriangulationof L . Assumingthatthespheresarein generalposition,
a simplex µ

4�egfU.

u

8

, for uoi¢L and w u w@y€G„{\[ , is in h/–

.

L

8

if i

^

økj�l

[

.

Q
ù

8=•

MŸê . See[7] for
detailson power diagramsandweightedDelaunaytriangulations.Two balls Q and Q

ß of radius §

and §6ß andcenteredat W and W¡ß arecalledorthogonal if

X

.

QISDQ

ß

8

MmYnW

ˆ

W

ß

Y

?

ˆ

§

?

ˆ

§

ß

?

M“m S

i.e., they intersectandtheanglebetweentheir tangentplanesat any of their intersectionpointsis
ÜœmbÝ . We saythat Q is farther than orthogonal from Q=ß is X

.

Q SDQjß

8

Ç

m (i.e., the anglebetween
their tangentplanesis lessthan Üœm

Ý ); seeFigure8. It canbecheckedthatif aball centeredatapoint
�

ð

)

E

is orthogonalto both Q
ù

and Q þ , then X

.

�USDQ
ù

8

MNX

.

�9SDQ þ

8

. The following well-known
lemmawill beusefulfor ourpurpose:

Lemma 3.4 A subsetupovL form a simplex in h=–

.

L

8

if there is a ball Q that is orthogonal to
everyball in u andeveryball in L

 
u farther thanorthogonal from Q .
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Let ÿpo L

E

L be a family of pairsof balls. L is disjoint with respectto ÿ if every pair
of distinct balls in L

E

L  ÿ is disjoint. For example,a necklaceis disjoint with respectto the
set ÿ M O

.

Q ù SDQ ù

Ú

R

8

wç[|y±û+y

0 ˆ

[6X . We de�ne the closestpair of balls in L to be a pair of
distinctballs

.

Q ù SDQ þ

8

ð

L

E

L  ÿ sothat G

.

Q ù SDQ þ

8

y›G

.

Qq�eSDQqr

8

for all
.

Qq�¥SDQqr

8W•

ð

ÿ ; recallthat
G

.

Q ù SDQ þ

8

Mvw W ù W`þ¥w

ˆ

§ ù

ˆ

§¨þ .

For any given ÿ , aball u is aneighborof Q if thepair
.

uhSDQ

8

is in ÿ . A ball u is aneighborof
apair

.

Q S¨¦

8

if u is a neighborof either Q or ¦ . A ball Q is calledaproperconnectorif for every
neighboringball u of Q , thereis anotherneighbor¦ of Q suchthat u and ¦ aredisjoint. Balls that
arenot properconnectorsarecalledimproper. If theballsaredisjoint, thenthereareno improper
balls.Only the�rst andthelastbeadsareimproperin anecklace.Wehave thefollowing result.

Theorem 3.5 Theclosestpair
.

Q|ù�SDQ þ

8

ð

L

E

L satis�esat leastoneof thefollowingproperties:

(DT1)
.

Q ù SDQ þ

8

is an edge in h/–

.

L

8

,

(DT2) Q ù and Q þ havea commonneighbor, or

(DT3) Q
ù
or Q þ hasan improperball asa neighbor.

E

ø

ý

E

ø

a

ø

a

�

a

ý

a

Á

Á

E

ý

^

�

E

�

ý

^

^
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Á

^

ý

Á

ý
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Á
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x

Figure9. Thepower diagramcanbeusedfor collisiondetectionin necklaces.Theball }

ý cannotintersectball Ò more
thanorthogonally, certifying thepower diagramedge}

ø

}

�

. ~ is thedistancebetween}

ø and }

�

.

Proof. Supposethat
.

Q
ù

SDQ þ

8

is theclosestpairof ballsin L with respectto ÿ . Assumethat
.

Q
ù

SDQ þ

8

doesnotsatisfy(DT2) and(DT3). Wewould like to show that Q
ù

Q þ is anedgein h/–

.

L

8

.

Let Q bethesmallestball orthogonalto bothballs Q
ù and Q»þ , andlet § and W betheradiusand

centerof Q , respectively, seeFigure3.2.Consideranotherball Q1� , where,

•

MkûDSÅü , in L . Wewould
like to show that Q•� doesnot intersectQ morethanorthogonally. Accordingto [17], it is suf�cient
to considerthoseballsintersectingeither Q

ù or Q þ . SinceQ
ù and Q þ donotsharecommonneighbor,

weassume,without lossof generality, that Q€� intersectQ
ù
but disjoint from Q»þ . For aball QW•

ð

L ,
let Ge•„MmYnW•WB•`Y , andfor any pairof balls Q|•çSDQWg

ð

L , let Ge•©g|M>YnW¨•‚W¨g�Y . By construction,

G
ù

þ¹M“G
ù

{±GFþ6T
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Welist thefollowing conditionsthatvariousdistanceshave to satisfy:

(C1) By orthogonality,
G

?

ù

Mk§

?

{¯§

?

ù

S and G

?

þ

Mk§

?

{¯§

?

þ

T

(C2) SinceQ»þ and Qq� aredisjointand
.

Q ù SDQ þ

8

is theclosestpair, thedistancebetweenQ ù
and Q þ

is notmorethanthatbetweenQþ‘Qq� , i.e.,

G þ �hH›G ù þ

ˆ

§ ù {¯§w�eT

(C3) Thetriangleinequality G

ù

�„HzG þ �

ˆ

Geù þ and(C2) imply

G

ù

�xH±§ƒ�

ˆ

§ ù T

(C4) since Q•� is proper, thereis anotherneighborball Q€r of Qq� sothat Q ù SDQqr aredisjoint. Since
.

Q ù SDQ þ

8

is the closestpair, G ù þ

ˆ

§ ù

ˆ

§¨þÖy~G

ù

r

ˆ

§ ù

ˆ

§wr . On the otherhand, Q•� and Qqr

intersect,thereforeG

ù

��{¯§ƒ�

Ç

G

ù

r

ˆ

§wr . Hence,

G

ù

�„HzG
ù

þ

ˆ

§Bþ

ˆ

§w�eT

Giventheabove relations,wederive thattheball Q€� is fartherthanorthogonalfrom Q , i.e.

G

?

�

H±§

?

�

{¯§

?

T

¿FromEquation(1) in the proof of Lemma2.4 (substituting«�RZM G
ù , «

?

M GFþ , GçRZM G

ù

� , and
G

?

M}G
þ

� ) andcondition(C2) above,weobtain

G

?

�

M

Gºþ©G

?

ù

�

{"G
ù

G

?

þ
�

Geù
þ

ˆ

G
ù

Gºþ3H

Gºþ�G

?

ù

�

{"G
ù

.

G
ù

þ

ˆ

§
ù

{¯§w�

8
?

Gbù
þ

ˆ

G
ù

GFþ<T

Therearetwo casesto consider, dependingon which of §��

ˆ

§
ù

and G
ù

þ

ˆ

§¨þ

ˆ

§ƒ� is larger. We
substitutethelargerof thetwo with G

ù

� :

1. If §w�

ˆ

§
ù

H›G
ù

þ

ˆ

§¨þ

ˆ

§w� , i.e., §ƒ�jH

.

G
ù

þ+{"§
ù

ˆ

§¨þ

8

_œ° , weobtain

G

?

�

H

G
þ

.

§ƒ�

ˆ

§�ù

8ú?

{"Geù

.

§ƒ� {¯Geù
þ

ˆ

§©ù

8ú?

Gbù
þ

ˆ

G
ù

Gºþ

M §

?

�

{

°º§w�

G
ù

þ

.�ˆ

G
þ

§�ùç{"Geù

.

Geù
þ

ˆ

§�ù

8`8

{

[

G
ù

þ

= G
þ

§

?

ù

{"Gbù

.

Geù
þ

ˆ

§©ù

8

?

B

ˆ

Geù1G
þ

M §

?

�

{›°º§w�

.

G
ù

ˆ

§
ù

8

{¯§

?

ù

{±G
ù

G
ù

þ

ˆ

°œG
ù

§
ù

ˆ

G
ù

GFþ

M §

?

�

{›°º§w�

.

Geù

ˆ

§©ù

8

{

.

Gbù

ˆ

§©ù

8

?

H §

?

�

{

.

G
ù

ˆ

§
ù

8¡.

G
ù

þ+{"§
ù

ˆ

§¨þ

8

{

.

G
ù

ˆ

§
ù

8

?

M §

?

�

{

.

Gbù

ˆ

§©ù

8¡.

Gbù�{¯§©ù

8

{

.

Geù

ˆ

§©ù

8¡.

G
þ

ˆ

§
þ

8

{

.

Geù

ˆ

§©ù

8

?

M §

?

�

{"§

?

{

.

G
ù

ˆ

§
ù

8¡.

GFþ

ˆ

§¨þ

8

{

.

G
ù

ˆ

§
ù

8

?

H §

?

�

{"§

?

T
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2. When §ƒ�€„

.

G ù þ+{¯§ ù

ˆ

§Bþ

8

_œ° , similarly, weget

G

?

�

H

GFþ

.

G ù þ

ˆ

§¨þ

ˆ

§ƒ�

8 ?

{"G ù

.

G ù þ

ˆ

§ ù {¯§ƒ�

8 ?

G ù þ

ˆ

G ù Gºþ

M §

?

�

{

°º§w�

G ù þ

.

G ù

.

G ù þ

ˆ

§ ù

8@ˆ

GFþ

.

G ù þ

ˆ

§¨þ

8`8

{

GFþ

.

G ù þ

ˆ

§¨þ

8ú?

{"G ù

.

G ù þ

ˆ

§ ù

8ú?

G ù þ

ˆ

G ù Gºþ

M §

?

�

{

°º§w�

G ù þ

.

G ù

.

G ù

ˆ

§ ù

8‰ˆ

GFþ

.

Gºþ

ˆ

§Bþ

8`8

{

.

G ù {"Gºþ

8

?

ˆ

°

.

Gºþ©§Bþ7{"G ù § ù

8

{

Gºþ�§

?

þ

{"G ù §

?

ù

Gbù�{"G þ

ˆ

G ù GFþ<T

Notethat

GFþ©§

?

þ

{±G ù §

?

ù

G
ù

{"GFþ

M

GFþ

.

G

?

þ

ˆ

§

? 8

{"G ù

.

G

?

ù

ˆ

§

? 8

G
ù

{"Gºþ

M G

?

ù

ˆ

G
ù

Gºþ+{"G

?

þ

ˆ

§

?

M §

?

ù

ˆ

G
ù

GFþ+{"§

?

þ

{¯§

?

S

andthus,

G

?

�

H±§

?

�

{¯§

?

{

°º§w�

Gbù
þ

.

G
ù

.

G
ù

ˆ

§
ù

8‰ˆ

Gºþ

.

GFþ

ˆ

§¨þ

8`8

{

.

G
ù

ˆ

§
ù

8

?

{

.

Gºþ

ˆ

§¨þ

8

?

T

If G
ù

.

G
ù

ˆ

§
ù

8

H›Gºþ

.

Gºþ

ˆ

§Bþ

8

, it is clearthat G

?

�

H±§

?

�

{Z§

?

. If not,using §��

Ç

.

G
ù

þ�{•§
ù

ˆ

§¨þ

8

_œ° ,
we have that

G

?

�

Ç

§

?

�

{¯§

?

{

[

G
ù

{"Gºþ

.`.

G
ù

{"§
ù

8

{

.

GFþ

ˆ

§¨þ

8`8¡.

G
ù

.

G
ù

ˆ

§
ù

8‰ˆ

GFþ

.

GFþ

ˆ

§¨þ

8`8

{

.

G
ù

ˆ

§
ù

8

?

{

.

GFþ

ˆ

§¨þ

8

?

T

Usingthefactthat G

?

ù

ˆ

§

?

ù

M“G

?

þ

ˆ

§

?

þ

, wecansimplify
.`.

G
ù

{¯§
ù

8

{

.

GFþ

ˆ

§¨þ

8`8¡.

G
ù

.

G
ù

ˆ

§
ù

8‰ˆ

Gºþ

.

Gºþ

ˆ

§¨þ

8`8

M G
ù

.

G

?

þ

ˆ

§

?

þ

8‰ˆz.

G
ù

{¯§
ù

8

GFþ

.

Gºþ

ˆ

§Bþ

8

{

.

Gºþ

ˆ

§Bþ

8¡.

G
ù

.

G
ù

ˆ

§
ù

8@ˆ

GFþ

.

Gºþ

ˆ

§Bþ

8`8

M

.

GFþ

ˆ

§¨þ

8¡.

G
ù

GFþ+{±G
ù

§¨þ

ˆ

G
ù

Gºþ

ˆ

Gºþ�§
ù

{"G

?

ù

ˆ

G
ù

§
ù

ˆ

G

?

þ

{±GFþ�§Bþ

8

M

.

GFþ

ˆ

§¨þ

8¡.

G
ù

{"GFþ

8¡.

G
ù

ˆ

§
ù

ˆ

GFþ‘{¯§
ù

8
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It follows that
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Ç
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{¯§
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ˆ
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ù
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ˆ

§
ù
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In all cases,G
?

�

H±§

?

�

{¯§

?

. Æ

Theorem3.5 givesus a way to checkself-collisionfor a necklace:we can�rst computethe
powerdiagramof all thebeadsandthencheckeverypair for eachpowerdiagramedge.In addition,
we checkthosepairswhich sharecommonneighbors,i.e. pairs

.

Q ù SDQ ù

Ú

?

8

for [jykû!„

0•ˆ

[ , and
thosepairsinvolving Q

? or QWV

A

R (the only beadshaving an improperneighborin the necklace).
Clearly, thenumberof additionalpairsis

-/.1098

, andthe costof thecheckingis dominatedby the
complexity of power diagram,whichweexpectto belinearfor adenselypackednecklace.

UndertheKDS motionmodel,it is easyto maintainthepower diagram[16]. For thediscrete
time stepmodel,however, it canbe too expensive to recomputethe power diagramat eachtime
step.We have a varietyof techniquesfor updatingthediagram.Onesimpleand,in practice,fast,
solutionis to remove somesubsetof theballssuchthatthepower diagramsof theremainingballs
beforeandafter the time steparecombinatoriallyidentical,move the balls to the �nal locations,
andthenreinserttheremovedballs.Suchsubsetscanbefoundin avarietyof manners,thesimplest
onebeingto repeatedlyremove a point incidenton eachfailedcerti�cate,or repeatedlyremove the
point incidenton themostfailedcerti�cates.

Another approachis to convert the discrete-time-stepsituation to the kinetic datastructure
framework by creatinga motion which interpolatesbetweenthe initial and �nal locationsof the
balls andthenapply the kinetic datastructuretechnology. Sincethe motion is arti�cial, we can
designthemotionsothatthecerti�cate failuretimesareeasyto compute,or thenumberof events
is small. For example,Edelsbrunneret al. [5] describea motionsothateachspheremovesalonga
straightline in thestandardlifting space.Wedo not elaborateon theseoptionshereasthey arenot
thefocusof thispaper.

4 Experimental Results

We conducteda variety of experimentsto test the staticanddynamicpropertiesof the wrapped
hierarchyandto compareit with the layeredhierarchyandthepower diagram.Thepropertiesof
interestwere:

1. thecostof construction—in termsof thetime taken(Table1),

2. thecostof veri�cation thehierarchy, usingboththenaive method(directveri�cation of bead
inclusionin thecages)andthecascadeveri�cation—in termsof boththetime takenandthe
numberof intersectiontestsperformed(Table5),

3. the costof collision detection—in termsof time, thesizeof the setof separatingpairs,and
thenumberof intersectiontestsperformed(Tables3, 4, 7), and

4. thefrequencyof basischangesastheshapedeformsandthecostof updatingthehierarchies
(Tables5 and6).
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Name Picture
Necklace
size

Wrapped
time(ms)

Layered
time(ms) …‡†kˆ

'

…ƒ‰FŠ&‹

Power
diagram
time
(ms)

grill 89 m T °�6 m TÏm�� T ÜŒ� T•�œm : T °

1a4yA0 1380 Ž�TÏm6m [œT&6bm m T Ü6° m T•ŽŒ• °�•ºmçTÏm

1cem00 1089 °�T•�œm [œT
[�m m T Ü6° m T•Ž�6 ° [�mçTÏm

10 m TÏmb° m TÏmç[ m T Ü�• m T•�Œ• mçT
[

spline 50 m T
[©° m TÏm�Ž m T Ü6Ü m T•� [ ° T&6

100 m T °ŒŽ m TÏmbÜ [œTÏm6m m T•�œm Ü T :

static
10 m TÏmb: m TÏmç[ m T•�6Ü m T‘•ºm mçTÏm

helix
640 °�TÏm6m m T••œm m T ÜŒ� m T&6g• : [�mçTÏm

10240 :ŒŽ TÏm6m Ü�T
[�m [œTÏm6m m T&6gŽ 8.8
E

[�m

õ

scaling
10 m TÏmb: m TÏmç[ m T Ü6: m T•• [ mçT
[

helix
640 °�T
[�m m T••œm m T ÜŒ� m T&6g• °6°œmçTÏm

10240 :Œ� TÏm6m Ü�TÏm6m m T Ü6Ü m T&6gŽ 1.8
E

[�m

õ

straight 1000 °�T•�œm [œTÏm6m [œTÏm6m [œTÏm6m ° T••

spiral 1000 :�TÏm6m [œTÏm6m m T Ü6Ü m T•Žœm :ŒŽœm�TÏm

curled 1000 °�T Üœm m T Üœm [œTÏm6m m T•Žœm °�6e:çTÏm

108 m T °�• m T
[�m m T Ü�• m T•�6: Ü T•�

villin 108 m T °6Ü m T
[�m m T Ü6: m T••6: ÜçTÏm

108 m T : [ m T
[�m m T Ü6: m T••6: [�mçT
[

random
300 m T•� [ m T °�• m T Ü�• m T•�6: 6�[6TÏm

protein
300 m T•�6: m T °�• m T ÜŒŽ m T‘•ºm °6Ü TÏm

300 m T•�ŒŽ m T °�• m T Ü�6 m T••Œ� 6�[6TÏm

Table 1. Constructioncostsfor thewrappedandthe layeredhierarchyandthepower diagram; ’�“Q”�• (resp. ’�–˜— ™ ) is the
average(resp.minimum)valueof theratio of theradii of thecagesin thetwo hierarchies,takenover all thenodesin the
tree.
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Weusedthreedifferenttypesof inputsfor ourexperiments:

PROTEI NS. taken from PDB �les [33] (1a4yA0and 1cem00) or from smallermodels(random
proteinandVillin headpiece);thelatterwereusedfor molecularsimulations.

SPL I NES. A simplequadraticsplinewith � vecontrolpoints.

HEL I CES. All helicesusedfor ourexperimentsarecontainedin acubicalboundingbox. Weused
two typesof helices:the �rst one,calledtheconstanthelix, hada constantnumberof turns,
andthesecondone,calledthescalinghelix, hadanumberof turnsthatscaledwith thenumber
of pointssampledfrom thehelix. This shapeis abadcasefor thepowerdiagram[9].

SPI RAL S AND GRI L L S. Thespiralserieswasananimationof astraightsegmentrolling upin to an
18turn logarithmicspiral.Thegrill hadsix parallelstraightsegmentsconnectedby parabolic
arcs.

Table1 providespicturesof themodelsusedfor ourexperiments.

All theexperimentswereconductedonaDell PCwith a2.4GHzPentium4 CPUand1 gigabyte
of RAM, andweusedtheCGAL library [13] for computingtheminimumenclosingsphereof aset
of spheres.

4.1 Static properties

In this subsectionwe discussour experimentalresultson the constructionandveri�cation of the
hierarchyandoncollisiondetectionusingthesehierarchies.

Construction cost. Empirically, thecostof constructiondependssolelyon thenumberof beads
used.It took approximately35msto build thewrappedhierarchyfor anecklacewith 10,240beads.
In general,thetime dependenceon thenumberof beadsagreeswell with theexpected

-/.1032>465<098

cost,andtherunningtime dependsvery little on theshapeof thenecklace.Althoughtheconstruc-
tion costof thewrappedhierarchyis signi�cantly betterthanthatof thepower diagram(88sfor a
helix with 10,240beads),thegreatersimplicity of thelayeredhierarchymakesits constructioneven
faster(9msfor thesamehelix).

On averagethe wrappedandlayeredhierarchiesproducedvery similar sizedcages(Table1,
columns3 and4), generallywithing 5%. For eachnode f in the hierarchytree,let §eg

.

n

8

(resp.
§©g

.

p

8

) be theradiusof thecagestoredat f in thewrapped(resp.layered)hierarchy, andlet
…

g/M

§©g

.

n

8

_F§�g

.

p

8

. We compute
…‡†tˆ

' (resp.
…�‰FŠ&‹

), the average(resp.minimum) valueof Yçg over all
nodesf of thetree.As expected,the

…
†tˆ

' wasmostdifferentfor theproteinbackbones—themost
curvednecklacestested—where§ºg

.

n

8

was8%smaller. Thevalueof
…�†tˆ

' is heavily biasedtoward
thenumerousnodesof the treenearthe leaves,wherethewrappedandlayeredhierarchieshardly
differ. Thisexplainswhy thevalueof

…g†tˆ

' is closeto [ . A few of thewrappedhierarchycageswere
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muchsmaller(oftena factorof two) thantheir respective layeredcage.Thesetendedto benearthe
rootandsoaremoreimportantfor collisiondetectionof disjointobjects.Thevalue

…š‰FŠ&‹

illustrates
thisphenomenon.

Name
Lazy update
(ms)

Cascadever-
ify (ms)

Naive veri�-
cation(ms)

Average
frontier size

spline
10 m TÏm6m�Ž m TÏmb: [ m TÏmb°Œ� [œT•Ž

100 m TÏm‡6 m T : [ m T :�6 :�TÏm

1000 6çTÏm6m :�T
[�m 6çT••œm °�TÏm

helix
10 m TÏmç[ m TÏmb: m TÏmb: °�TÏm

10240 6çTÏm6m Ž�6�TÏm6m Ž [6TÏm6m 6çTÏm

1a4ya0 m T•• [ •�TÏm6m •�T&6bm °�T•�

1cem00 m T•Ž6: 6çT••œm 6çT Üœm °�T‘•

grill m TÏm‡6 m T : [ m T :6: °�T•Ž

Table 2. Verifying andupdatingthewrappedhierarchyusingvariousapproaches.Theveri�cation frontierof
anodeis theselfcollisionseparatingsetfor theleavesof thesubtreerootedat thenode.Theaveragefrontier
sizeis thesizeof suchsetsaveragedoverall nodesin thetree.

Veri�cation cost. Surprisingly, thetwo methodsof veri�cation—naive andcascade—performed
verysimilarlyoverthemodelstested.Thelargestdifferencefoundwasonextremelyhighlysampled
splinecurves. In this casethe cascadeveri�cation was25% fasterthan the naive method. This
improvementstemsfrom the fact that all the boundingspheresin sucha curve are diametrical,
i.e., they touchthesubnecklaceat its endpoint,andonly thedescendantsthatcontainthetwo basis
beadsneedto be checked. Anotheradvantageof the cascademethodis that the frontier canbe
cachedandreusedin latertimesteps.Theaveragefrontiersizestayedasmallconstantfor eventhe
mostconvolutedcurves;it wasbelow 10pernodein thetreefor all curvestested.These�gures can
beseenin Tables5, 2.

Collision detection. Weusedthestaticmodelsto investigatetheperformanceof theself-collision-
detectionalgorithm. The cascadebasedalgorithmsperformedmuch betterthan the brute force
quadraticalgorithms,asexpected.Theperformanceof thetwo hierarchieswasquitesimilar under
cascadecollision detectionfor all of themodelsexceptfor the largeproteinbackbones.Therethe
smallerspheresizesof thewrappedcagesresultedin a modestspeedincrease(Table3).

The separatingsetsproducedby the cascadealgorithmwere much smallerthan the number
of edgesin the power diagram(its effective separatingsetsize),with the exceptionof the highly
samplescalinghelix. Theresultsonconstantandscalinghelices(Table3) illustratethedependence
of theseparatingseton packing.Whenthenumberof pointsin a statichelix increasedby a factor
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Wrapped Layered Power
dia-
gram
edgesName

Necklace
size

Quadratic
collision
time( › s)

cascade
col. time
( › s)

separating
setsize

cascade
col. time
( › s)

separating
setsize

grill 89 6�[�m •ºm 293 71 291 264
1a4yA0 1380 •6:œm6m •Œ•ºm 2759 950 2759 8500
1cem00 1089 •6:œm6m6m Ž6:œm 2177 700 2177 8600

10 [�m ° 9 2 9 27
spline 50 [©:œm [©: 52 13 52 147

100 Ž�6bm °Œ• 103 26 101 297

10 [�m • 27 7 27 40
statichelix 640 ° [�m6m6m :Œ•œm 1500 360 1500 57000

10240 5.6
E

[�m�œ :œm6m6m 11000 3000 11000 2.0
E

[�mgœ

10 [�m6m : 11 3 11 55
scalinghelix 640 3.1

E

[�mg• 6gŽœm 1500 450 1500 45000
10240 5.6

E

[�m
œ

[6[�m6m6m 4.7
E

[�m

õ

11000 4.7
E

[�m

õ

5.6
E

[�m
•

Table 3. Detectingself-collisionusingvariousapproaches.Thenaive methodstestscollisionbetweenall pairsof beads,
thepower-diagrambasedalgorithmteststhebeadsthatshareanedge,andthehierarchybasedmethodtestspairsof cages
thatarein theseparatingset.

Wrapped Layered Power
dia-
gram
edgesName

Necklace
size

Quadratic
collision
time( › s)

cascade
col. time
( › s)

separating
setsize

cascade
col. time
( › s)

separating
setsize

spiral,straight 1000 53000 240 1000 250 1000 3000
1000 53000 720 2400 740 2400 3000

curled 1000 53000 280 6400 270 7200 3000
108 610 28 110 28 110 731

villin 108 620 31 120 38 150 719
108 620 35 140 38 150 708
300 480 76 310 78 315 2200

randomprotein 300 470 83 600 100 600 2100
300 490 93 380 106 420 2000

Table4. Applying self-collision-detectionalgorithmfrom scratchateachstepasthenecklacedeforms.Weusemolecular
dynamicsimulationsandtherolling of a spiralasthetestsets.
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of 16from 640to 10240,thesizeof theseparatingsetperbeadof thenecklacedecreasedfrom 2.34
to 1.07. This canbeattributedto thefact thatasthesamplingincreased,thecurve becamelocally
straighterandstraighter(on thescaleof thebeadseparation).On theotherhand,whenthescaling
helix necklacesizewassimilarly increasedfrom 2 to 4, re�ecting thegreatercurvatureandpacking
in theneighborhoodof eachbead,theseparatingsetincreasedfrom 2.34to 4.58.

4.2 Dynamic properties

Weusedthreedatasetsfor testingthedynamicpropertiesof thewrappedhierarchy:weperformed
moleculardynamicssimulationonVillin andrandomprotein, usinglargetimesteps( °�TÏm

E

[�m

A

R

õ

s)
in orderto cover greaterconformationalchangesof therespective proteins.We alsosimulatedthe
rolling of astraightline into a spiral;thespiralwasevenly sampledalongits length.

Thewrappedhierarchywasverystableunderthedeformationsof theunderlyingnecklacein our
tests.As illustratedin Table5, therewereonly a couplebasischangespertimestepin thewrapped
hierarchyfor moleculardynamicssimulation,whereasthe power diagramhadover 100 differing
tetrahedronat eachstepof the samesimulation. The cascadeveri�cation performedsigni�cantly
betterthanthenaive veri�cation over all thesimulations(despitetheir similar performancein the
arti�cial testcases).Finally, welookedattheeffectof varyingthelengthof thetime-stepin Table6.
Thewrappedhierarchy�attens out at around15 basischangesfor any time-stepbetween2 and32
frames,while theamountof damageto thepowerdiagramincreasedapproximatelylogarithmically.

4.3 Taking advantageof the wrapped hierarchy

Thegreatsimplicity of thelayeredhierarchymakesits computationfrom scratch(which hasto be
doneat eachtime stepof a simulation)fasterthanupdatingthewrappedhierarchy. As a result,we
have to to modify our techniquesto properlytake advantageof thewrappedhierarchy.

Oneadvantageof thewrappedhierarchyoverthelayeredhierarchyis thatit providesanapprox-
imateboundinghierarchywhenthebeadsareallowedto move(evenif noveri�cation is performed).
Assumingall thebeadsin a cagemove rigidly, theminimumenclosingsphereof thebasisbeforea
time-stepis theminimumenclosingsphereafterthetimestep.Whenthebeadsdonotmove rigidly
but move coherently, thecageis still approximatelyvalid. We call experimentswhich exploit this
property(andmaketheassumptionof its correctness)lazy. Theupdatecomputationcanbe10times
cheaperthantheveri�cation computation,asshown in Table5. In addition,a cagein thewrapped
hierarchyis de�ned without referenceto any other cages,so individual cagescan be computed
independently.

Exploitingthesetwopropertiesin somesituationscanyieldsimulationsthataremuchfasterthan
canbeachievedwith thelayeredhierarchy. Suchanexampleof suchasituationis shown in Table7.
There,two disjoint copiesof the spiral were rolled independently, while checkingfor collisions
betweenthem(but not internalcollisions).Thecascadecollision detectionalgorithmstartslooking
at cagesfrom the top of the tree and cascadesdown until a separatingset is found. Only the
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WrappedHierarchy

Name Picture

Power
diagram
cell
changes

basis
changes

lazy
update
(ms)

cascade
verify
(ms)

naivever-
ify (ms)

[�• m m T••6Ü [œT‘• °�TÏm

[6[�m6m Ü m T‘•œ: °�TÏm °�T :

spiral [•6bm6m [�• m T‘•œ° °�TÏm °�T °

[�• [•6 °Œ• m T‘•œ° °�TÏm °�T
[

[��œm6m 6e: m T‘•œ: °�T
[ °�T °

[w•œ° m m TÏm�� m T °œm m T °

[©°ŒŽ 6 m TÏm�� m T ° [ T °

villin
[©:ŒŽ 6 m TÏm�� m T ° [ m T °

[©:œm 6 m TÏm�� m T °6: m T °

[�ŽŒŽ 6 m TÏm�� m T °6° m T °

[©:Œ• • m TÏm�� m T °�6 m T °

• [6[ m m T °6° m T••œm m T••

6e°Œ� 6 m T ° [ m T••Œ• m T••

random
protein

6g• [ [6[ m T °6° m T••Œ• m T••

6e:Œ• • m T °6° m T••6: m T••

6e:Œ� [6[ m T °6° m T••Œ• m T••

6g�œm [6[ m T °6° m T••6: m T••

Table 5. Maintaining the changesin the wrappedhierarchyandthe power diagramasthe necklacedeforms. For the
spiral, thereare 50 evenly spacedframesas it rolls up from a straightline to a 16 turn spiral, and in the molecular
simulations,theadjacentframesare ¼�ž ŸI „Ê(Ÿw¡

¾£¢

s apart.We measurethechangesin thestructureat eachtime stepand
thecostof updatingit at eachtimestep.
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Wrapped
Number
of
frames changes

lazy update
(ms)

cascadeverify
(ms)

naive veri�ca-
tion (ms)

Power
diagram
changes

1 7 mçT °ŒŽ m T••Œ• m T••6° 6g•6°

2 15 m�T °6° m T••Œ• m T••6° •œm��

4 12 m�T °6° m T••6: m T•• [ �Œ•6Ü

8 16 m�T °6° m T••Œ• m T••6: Ü�•ƒ6

16 15 m�T °6° m T••ŒŽ m T••6: [�mbÜœm

32 14 m�T °6° m T••Œ• m T••6: [©°6:Œ�

Table 6. Stability of the collision-detectiontechniquesover varying numberof frames. The randomprotein model is
usedandall framepairsstartwith frame900of 1000in thesimulation.

Layered Wrapped

Conformation
seperating
set

time
(ms)

seperating
set

lazy
time
(ms)

full update
time(ms)

Average
frontier

6 0.9 • m TÏm6m�• m T‘• [bT‘•

6 1.0 Ž m TÏm6m�• m T•• °çT
[

6 1.0 • m TÏmç[ m T‘• °çT :

2400 2.0 [�•œm6m [œTÏm °�TÏm ° T‘•

3700 2.1 °6:œm6m °�TÏm °�TÏm : TÏm

Table 7. Collision detectionbetweentwo rolling spirals,usingthewrappedandlayeredhierarchies.Theentirelayered
hierarchyis updatedat eachtime step. In thewrappedhierarchy, at eachtime step,we eitherupdateall thecagebases
thatbecomeinvalid (full update) or we updateonly at thosenodesthatarevisited by thecollision-detectionalgorithm
(lazyupdate). Wealsoshow theaveragesizeof thecascadeveri�cation frontierover all thenodesin thetree.
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cagestouchedwere recomputedfor the wrappedhierarchy, resultingin a factorof 200 speedup
whenthecurveswe relatively far away from oneanother(asthey werewhenfully extended).As
the curveswoundup they got closer, so the wrappedadvantagedecreaseduntil the wrappedand
layeredcomputationtimeswerenearlyequalwhenthetwo spiralswerealmosttouching.

5 Conclusions

This paperraisesa new setof issuesin geometriccomputing,by posingthe problemof how to
repair and maintaingeometricstructuresundersmall motionsor deformationsof their de�ning
elements.Ef�cient geometricstructurerepairis essentialin complex physicalsimulations,virtual
reality animations,aswell aswhentrackingmoving realworld objects.More generally, additional
researchis neededonhow to betterintegrategeometricalgorithmswith physicalmodelsof objects.

Evenfor oursimpleexampleof adeformingnecklace,severalbasicquestionsremainopen:

¤ Can we prove boundson the numberof combinatorialchangesin the wrappedhierarchy,
assumingaphysicalmodelof deformationandagiven`deformationenergy budget'thatlimits
theoverall bendingnd oscillationsthatcanoccur?

¤ How canwebestintegratethepowerdiagramandthespherehierarchysoasto gettheadvan-
tagesof each?

¤ Whatpropertiesof aphysicalmodelcanbeexploitedto makehierarchyupdatesfaster?

Wehopeto addresssomeof theseissuesin thenearfuture.
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