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Abstract
Wepresentanalgorithmfor theautomaticalignmentof two3D shapes(dataandmodel),withoutanyassumptions
abouttheir initial positions.Thealgorithmcomputesfor each surfacepointa descriptorbasedon local geometry
that is robust to noise. A smallnumberof feature pointsare automaticallypickedfromthedatashapeaccording
to theuniquenessof thedescriptorvalueat the point. For each feature point on thedata,we usethedescriptor
valuesof the modelto �nd potentialcorrespondingpoints.We thendevelopa fast branch-and-boundalgorithm
basedon distancematrix comparisonsto selectthe optimal correspondencesetand bring the two shapesinto
a coarsealignment.Theresultof our alignmentalgorithm is usedas the initialization to ICP (iterative closest
point) and its variants for �ne registration of the data to the model.Our algorithm can be usedfor matching
shapesthat overlap only over parts of their extent,for building modelsfrom partial range scans,as well as for
simplesymmetrydetection,andfor matchingshapesundergoingarticulatedmotion.

1. Intr oduction and Background

Global registration, or optimal alignment of two three-
dimensionalshapesin arbitrary initial positions,is a fun-
damentalproblem in shapeacquisitionand shapemodel-
ing. Given two shapes,oftencalledthemodelanddata,the
goal is to �nd a rigid transformthatoptimally positions,or
registers,the datawith respectto the model.This process
is part of most3D shapeacquisitionpipelines,whereself-
occlusionsand scannerlimitations usually require the ac-
quisition of multiple partial scansthat overlap.To build a
completemodel, the partial scansneedto be broughtinto
a commoncoordinatesystem(Figure 1), which is usually
doneby pairwiseregistration.This problemis particularly
hardwhenno informationis availableabouttheinitial posi-
tion of themodelanddatashapes,the inputscontainnoise,
andthe shapesoverlaponly over partsof their extent (and
theoverlapsmaynotbeknown in advance).

Solutionsto the registrationproblemfall into two gen-
eralclasses.Oneclass,known asvotingmethods,makesuse
of the fact that the rigid transformis low-dimensionaland
exhaustively searchesfor the small numberof parameters
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neededto specifytheoptimaltransform.GeneralizedHough
transform [HB94], geometrichashing[WR97], and pose
clustering[Sto87] quantizethe transformationspaceinto a

Figure 1: Automaticregistration of range data.Top: 10 in-
putscans(shownhere in goodpositionfor visualization,the
actual input positionsare arbitrary). Bottomleft: Registra-
tion after applying our algorithm to overlappingpairs of
scans.Bottomright: RegistrationafterapplyingICP ander-
ror relaxationto theinitial poseproducedbyour algorithm.
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six dimensionaltable.For eachtriplet of pointsin themodel
shapeandeachtriplet in thedatashape,the transformation
betweenthe triplets is computedanda vote is recordedin
thecorrespondingcell of thetable.Theentrywith themost
votes gives the optimal aligning transform.Another vari-
ant of this scheme,the alignmentmethod[HU90], tallies
for eachtransformproposedby two triplets of pointshow
many pointsof the dataarebroughtby the transformclose
to apoint in themodel.Thetransformwhichbringsthemost
datapointswithin a thresholdof apoint in themodelis cho-
senas the optimal aligning transform.Voting methodsare
guaranteedto �nd the optimal alignmentbetweenthe data
andmodelshapesandareindependentof the initial poseof
the input shapes.However, sincethesemethodstendto be
costly, they are usually not usedfor global registrationof
scandata.

The secondclassof approachesto the registrationprob-
lem tries to solve the underlyingcorrespondenceproblem:
for eachpoint on the datashape,the goal is to �nd its cor-
respondingpoint on the model.Given a setof correspond-
ing point-pairs,a rigid transformcanbecomputedthatbest
positionsthetwo shapessothatthedistancebetweencorre-
spondingpointsis minimized[ELF97]. Whentheinitial po-
sitionsof themodelanddataareclose,thecorrespondences
andthetransformareusuallyfoundusingavariantof theIt-
eratedClosestPointalgorithm(ICP)[RL01, MGPG04]. The
algorithmassignsto eachpoint in thedataits closestpoint in
themodelasacorrespondence,computesthealigningtrans-
form, andappliesit to the datashape.This processis iter-
ateduntil someconvergencecriterion is reached.Themain
limitation of ICPandits variantsis that,asa localoptimiza-
tion method,it is notguaranteedto �nd thegloballyoptimal
alignment,and thereforeis only effective when the initial
position of the input shapesis close to the correctalign-
ment [MGPG04]. In shapeacquisitionsystems,the input
scansare usuallypositionedmanually, and then registered
usingICP.

Both the voting schemesandthe correspondencesearch
canbeimprovedby usinggeometricdescriptors.A geomet-
ric descriptoris a quantitycomputedfor eachpoint of the
modelandthedata,basedontheshapeof thelocalneighbor-
hoodaroundthepoint.Pointswhosedescriptorsaresimilar
potentiallycorrespond.High-dimensional,or rich, descrip-
torssuchasspinimages[JH99] andshapecontexts[BMP02]
provideafairly detaileddescriptionof theshapearoundeach
point in transformation-independentmanner. Theadvantage
of rich descriptorsis thatgivena point in thedatashape,it
is likely thatonly a few pointsin themodelshapewill have
a similar descriptor, and the point with the best-matching
descriptoris likely to bethecorrectcorrespondingpoint. In-
correctcorrespondencesarefew andcanbe removedusing
outlierdetectionmethods[FB81], whichmeansthatrich de-
scriptorscan be usedto directly solve the correspondence
problem.Huber [HH03] usesspin imagescomputedfrom
subsampledinput datafor automaticglobal registrationof

rangedata.Rich descriptorsareparticularlypopularfor ob-
ject recognitionandshaperetrieval, wherethecomputation
of descriptorscanbeamortizedover large numberof com-
parisonqueries[BMP02, FMK� 03].

Low-dimensionaldescriptors,on the other hand, usu-
ally computeonly a few values per point. Examplesof
such descriptorsinclude curvature and various curvature-
basedquantitiessuchas shapeindex [Koe90] andcurved-
ness [KD92]. Low-dimensionaldescriptorsare typically
much easier to compute,store, and comparethan high-
dimensionalrich descriptors.However, for a given point in
thedatashape,theremaybemany pointsin themodelshape
with thesamedescriptorvalue.Therefore,low-dimensional
descriptorsare usually usedin conjunctionwith a voting
scheme[BS97] to reducethe size of the searchspaceor
with aniterative alignmentschemeto improve thefunnelof
convergence(setof startingpositionswhichresultin correct
alignment)[SLW02, GLB99].

Sincethe inputsto the registrationalgorithmareusually
large,a commonspeeduptechniqueis to pick a setof fea-
turepointsonthemodelanddatabasedonthecomputedde-
scriptorvalues[MKY01]. Theregistrationis thenperformed
only with respectto thefeaturepoints,which resultsin sig-
ni�cant reductionof the size of the searchspace.Feature
extraction methods,however, can suffer from the problem
of picking inconsistentpointson the modelanddata,since
the two shapesare processedseparately. The resultingset
of featurepoints,therefore,maynot have a goodalignment.
Becauseof possibleerrorsin featureselection,correspon-
denceassignmenttechniquesbasedon geometricdescrip-
tors usuallybuild large correspondencesetsto increasero-
bustnessto incorrectfeaturesandpairings.Therefore,these
methods,unlike thevoting schemes,do not make useof the
low-dimensionalityof thealigningrigid transform.

Contrib utions. In this paper, we develop a new global
registrationalgorithm,basedon robustfeatureidenti�cation
andcorrespondencesearchusinggeometricdescriptors.The
maincontributionsof ourmethodareasfollows:

� Our algorithm makes use of the fact that the aligning
transformis low-dimensionalto robustly �nd a small set
of matchingpoint-pairsthat specify the optimal align-
ment.

� We focuson identifying a smallnumberof featurepoints
on the datashape,and then searchingthe entire model
shapefor correspondences.This approachavoids the
problemof selectingincompatiblefeaturesthat is com-
monin otherfeature-basedregistrationmethods.

� We usea novel shapedescriptor, basedon performingin-
tegral operationson theunderlyingshape,for identifying
featuresin thedataandselectingpotentialcorrespondence
pointsin themodel.Our featureselectionalgorithmpicks
pointsonthedatashapewhichhaveuncommondescriptor
valuesacrossa rangeof scales.

� For eachfeaturepoint, the correspondencesearchalgo-
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rithm examinestheentiremodelshapeto identify theop-
timal correspondingpoint. The searchis madeef�cient
by usinga measureof quality of correspondencesbased
on computingonly intrinsic quantitiesof the modeland
datashapes.This allows us to avoid computinganalign-
ing transformation,andresultsin anef�cient branch-and-
boundalgorithm.Additionally, weusetherigid transform
constraintsfor ef�cient pruningof thesearchspace.

� Sinceour algorithm only usesdescriptorvalues,which
areinvariantunderrigid transforms,andintrinsicgeomet-
ric propertiesof the input shapes,we are able to align
themodelanddatashapeswithoutany assumptionsabout
their initial position.Theposeproducedby ouralgorithm
is further re�ned by ICP, producingan automaticglobal
registrationpipeline.

2. Integral VolumeDescriptor

Let P be the input shape,consistingof N pointsp1 : : :pN.
The input can be speci�ed as a meshor as a point cloud.
An m-dimensionalgeometricdescriptoris afunctionthatas-
signsto eachpointp 2 P avector f (p) 2 IRm. To beusefulin
registrationalgorithms,a descriptorshouldbe invariantun-
der rigid transformations,robust to noise,andbasedon lo-
cal geometryaroundp (sincethe input shapesmaybeonly
partially overlapping).We will restrictour attentionto low-
dimensionaldescriptors,sincethey arecheaperto compute,
store,andcomparethanrich descriptors.

Most of the commonlow-dimensionalshapedescriptors
arebasedon differentialquantitiesof the shape,sincethey
are invariantunderrigid transformations.The main limita-
tion of differentialdescriptors,whichhasmadethemunpop-
ular in registrationalgorithms,is that any noisepresentin
the input getsampli�ed whenderivativesarecomputed.As
a result,algorithmsthatrely on differentialdescriptorsneed
to performcarefulsmoothingof bothdataandmodelshapes.

An alternative approach,that hasyielded promisingre-
sultsin objectrecognitionandfeatureclassi�cation,is to use
localshapeinvariantsthatarebasedonintegrationinsteadof
differentiation[MHYS04, CRT04]. Integral descriptorsre-
tain the desirablepropertiesof differential invariantssuch
as locality and invarianceunderrigid transformations,but
aremorerobust to noise.Manayet al. [MHYS04] showed
that integral invariantshave descriptive power comparable
to curvature-baseddescriptors,but aremoreeffective in 2D
objectrecognitionin the presenceof noise.In this section,
weextendtheintegral invariantsof [MHYS04] to 3D.

2.1. De�nition of Descriptor

We develop a 3D integral invariant,calledthe integral vol-
umedescriptor. This invariantis de�ned at eachvertex p of
theinput shapeasfollows,

Vr (p) =
Z

Br (p)\ S
dx: (1)

r
p

Vr(p)

(p)Br
r

p

Vr(p)

(p)Br

(a) (b)

Figure 2: Illustration of the volumeintegral descriptorin
2D. (a) Wetaketheintersectionof a ball of radiusr centered
at point p with theinterior of thesurface. (b) Discretization
of thevolumedescriptorascomputedbyour algorithm.The
cell sizeof thegrid is r .

Herethe integrationkernelBr (p) is a ball of radiusr cen-
teredat thepoint p, andS is the interior of thesurfacerep-
resentedby P. The quantityVr (p) is the volumeof the in-
tersectionof the ball Br (p) with the interior of the object
de�ned by theinput mesh.Theinvariantis illustratedin 2D
in Figure2(a). Assumingthe intersectionof S andBr (p) is
simply-connected,thevolumedescriptoris relatedto mean
curvatureatp asfollows,

Vr (p) =
2p
3

r3 �
pH
4

r4 + O(r5): (2)

The leadingterm is the volumeof the half-ball of radiusr,
andthecorrectionterminvolvesthemeancurvatureH at the
pointp.

To show that this descriptoris robust to noise,let P be
thepatchthatboundsthesurfacewhereit intersectstheball
Br (p). Noisecausesa perturbationthat movesp to p0 and
thusthekernelball Br (p) undergoesa translationto Br (p0).
The latter intersectsthe perturbedsurface in a patch P 0.
TranslatingBr (p0) backto Br (p) movesP 0 to a patchP � .
Apart from a negligible partalongthe intersectionwith the
ball Br (p), the changeof the valueof the volumedescrip-
tor is givenby theorientedvolumeDV betweenP andP � .
Let usassumethatP canbeexpressedasa parametricsur-
faces(u;v). WeexpresstheperturbationtowardsP � usinga
displacement�eld t (u;v) in normaldirectionof eachpoint
of P . Then,thechangein volumedescriptorat p dueto the
perturbationcanbeshown to be

DV =
Z

P
t (u;v)dA�

Z

P
t 2(u;v)H dA+

1
3

Z

P
t 3(u;v)K dA;

(3)
whereK is theGaussiancurvatureat p. We assumetheper-
turbationnoiseis independently, identicallydistributedwith
meanzeroandvariances2. Let Hmaxbethemaximummean
curvatureover thepatchP , andA betheareaof thepatch,
then the expectedchangein the volume descriptorcan be
boundedby jE [DV] j � Hmaxs2A . Thechangein descriptor
valuerelative to thevolumeof theintegrationkernelis pro-
portional to s2=r2, which shows the robustnessof the de-
scriptorto noise.
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Figure 3: Valuesof the normalizedvolumedescriptorcomputedfor the bunnymodel(a) for small and (b) large integration
kernels.We normalizethe descriptorvaluewith respectto the volumeof the ball Br to easevisualization(c) Feature points
pickedby our algorithmon thebunnymodel.Small-scalefeatures,shownasyellowspheres,are persistentfor smallvaluesof
theintegrationkernel.Featuresthatarepersistentover largekernelradii areshownin red.

2.2. Implementation

The integral volumedescriptorcanbecomputedef�ciently
by a convolution of the occupancy voxel grid GO with the
ball grid GB (Figure2(b)). GO(c) = 1 if thevoxel c lies in-
side the shapeor intersectsthe boundary, and is zerooth-
erwise.The ball grid GB containsthe scan-convertedball
of radius r placedat the centerof the grid. The value of
the volume descriptorat eachcell c is given by V(c) =
(GB � GO)(c). Theconvolution canbecomputedef�ciently
by usingtheFouriertransformof theball grid andtheoccu-
pancy grid.

Theoccupancy grid GO canbecomputedusingscancon-
versionalgorithmsfor meshes[NT03] or ray shootingalgo-
rithmsfor point clouds[AA03]. We setthegrid sizer to be
largeenoughto accountfor theperturbationof thevertices
dueto noise.Oncethe convolution is computed,the value
of thevolumedescriptorat eachvertex of theinput shapeis
givenby thevalueof thedescriptorat thevoxel containing
thevertex.

Holesin theinput surfacesaffect thevalueof thevolume
descriptorof all cells that lie within distancer of the hole,
sincethey result in gapsin the occupancy grid. Therefore,
we modify our descriptorcomputationto be robust to gaps
in thesurface.If theholeis small,we �ll it by performinga
dilation of theoccupancy grid by a few voxels,followedby
a contraction.If desired,othermoreexpensive hole-�lling
methods[DMGL02, NT03] canbeused,however, thedila-
tion methodis fastandeffective in �lling smallholeswhich
arecommonin rangedatadueto noisein thescanning.

Integral descriptorsareparticularlysuitedfor multiscale
representationsincethe scaleis given by the radiusof the
kernelBr . Figures3 (a) and(b) show thevolumedescriptor
computedfor the StanfordBunny model for two different
ball radii. In Section3.2we describeanalgorithmthatuses
themultiscalerepresentationof thevolumedescriptorto ro-
bustly identify persistentfeatures.

3. FeaturePoint Selection

Our registration algorithm is basedon �nding correspon-
dencesin themodelQ for a smallnumberof featurepoints
picked from the datashapeP. The featuresareselectedin
sucha way that makesthe searchfor correspondencespar-
ticularly simple.The key propertyof our featureselection
algorithm is that featurepoints shouldcomefrom regions
with raredescriptorvalues.Sincethedataandmodelshapes
aresimilar over thematchingregion, andwe usedescriptor
valuesto selectpotentialcorrespondingpointsin themodel
for eachfeaturepoint in the data,pointswith raredescrip-
tor valuesarelikely to have only a few potentialcorrespon-
dencepoints.Thus,our featureselectionalgorithmspecif-
ically picks pointssuchthat the resultingsearchfor corre-
spondenceswill be fast. Additionally, we do not needto
selectmany pointsas features,sincea rigid transformcan
bespeci�ed usingonly a smallnumberof points.Selecting
a small numberof featurepoints,suchthat eachwill have
only a smallnumberof potentialcorrespondencesresultsin
a tractablecorrespondencesearchproblem.

We �rst describean algorithm for a generaldescriptor,
andthenshow how we usethescale-spacerepresentationof
thevolumedescriptortogetherwith apersistence[CZCG04]
algorithmto robustlyselectfeaturepointsatmultiplescales.

3.1. BasicAlgorithm

Let f bethegeometricdescriptorwhichassociateswith each
point pi a value f (pi). Thedescriptorcanbeof any dimen-
sion,in this sectionwe assumethat thedescriptorsareone-
dimensionalf (pi) 2 IR. A point p is de�ned to bea feature
if its descriptorvalueis rareamongall descriptorscomputed
for thedatashapeP. Thefeaturepoint selectionproceedsas
follows:

1. Computea histogramof descriptorvalues, f (pi) for all
pointsin P. Thenumberof binsb in thehistogramiscom-
putedusingScott'srule,b= 3:49s f N

� 1
3 , wheres f is the

standarddeviationof theN descriptorvalues[Sco79].
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2. To selectfeaturepoints,we identify thek leastpopulated
binssuchthat the total numberof pointsin thesebins is
smallerthansomemaximumthresholds. Thepointsthat
belongto thesebinsarethepotentialfeatures.Intuitively,
featuresare thosepoints which are dissimilar from the
rest of the shape,which is capturedby the low occur-
renceof theirdescriptorvalues.Theparameterscontrols
thetradeoff betweenaccuracy of thetransform(morecor-
respondences)andrunningtime of thealgorithm.In our
implementation,wesets= 0:01N.

3. Since nearbypoints are likely to belong to the same
feature,we want to prevent the algorithmfrom picking
pointsthataretoo closeto eachother. We alsowant the
points to cover the whole shapesincein caseof partial
matchingwe do not know a priori which partof thedata
shapewill overlap with the model.When a point pi is
picked,we mark all pointsthat fall into a ball of radius
Re aroundpi asunavailablefor selection.Enforcingthe
minimal separationdistancebetweenthe featurepoints
also resultsis more stablecon�gurations in the corre-
spondencesearchstageof thealgorithm(Section5).

Notice that this processis not invariant to the order of
pointsin P. Thismeansthatit cannotbeusedto pick canon-
ical pointson thedataandmodelshapes.As mentionedbe-
fore,we do not rely on featurepointsbeingcanonical,since
we will searchtheentiremodelshapefor correspondences,
insteadof trying to matchup canonicalpoints.This means,
aslong asa featurepoint lies in theoverlapregion between
the modelanddata,it will have a correspondenceassigned
to it by thematchingstageof our registrationalgorithm.

The above algorithmworks with any kind of descriptor
which canbe representedasa vector in IRm. Sincewe are
picking as featuresthosepointsof P that have uncommon
descriptorvalues,weneedadescriptorthatis robusttonoise,
makingintegral descriptorsparticularlywell suitedfor this
kind of approach.Figure5(b) shows the featurepointsse-
lectedonthedragonmodelcorruptedwith zero-meanGaus-
siannoise.

3.2. Scale-spaceRepresentationand PersistentFeatures

We further improve the robustnessof the feature selec-
tion algorithm by consideringthe scale-spacerepresenta-
tion of the descriptor. Integral descriptorsare particularly
well suitedfor suchapproach,sincethe scaleis naturally
controlled by the radius of the integration kernel Br , but
other scale-spacerepresentations,such as curvature scale
space[MKY01, PKG03] canalsobeused.

If a point p is anactualfeaturepoint, it shouldbepresent
over a set of consecutive scalesof the descriptor. A point
that is anoutlier, on theotherhand,is likely to disappearas
a featureasthescaleis varied.Therefore,weusethepersis-
tence[CZCG04] of a featurepoint in thescale-spacerepre-
sentationto identify truefeaturesanddiscardoutliers.

Most shapescontain featuresat different scales,so we
do not expecta point to be a featureover the entirescale-
spaceof thedescriptor. Instead,wede�ne asafeatureapoint
whosedescriptorvalueis rareover a setof consecutive ker-
nel radii of thevolumedescriptor. Small scalefeatureswill
bepersistentfor smallradii of thedescriptorandlarge-scale
featuresover largeradii, andoutliersmaylook like features
for someradii but arenot persistent.In additionto identify-
ing a point asa feature,our algorithmautomaticallyidenti-
�es thescaleof thefeature.

To implementthe persistencealgorithm,we samplethe
scalesof thevolumedescriptorat discreteintervals.We di-
videtherangermin � r � rmaxof possibleball radii into k in-
tervals(k = 5 in our implementation)andconvolvetheoccu-
pancy grid with thedifferentball grids.To avoid discretiza-
tion errors,rmin is set to 10r , wherer is the resolutionof
thevoxel grid. We alsolimit rmax to somefraction(usually
setto 0:1) of thediameterof theinput shapeto preserve the
locality propertyof theshapedescriptor. We alsonormalize
themagnitudeof thevolumedescriptorfor eachradiusr by
the volumeof the ball Br . For a point p to be a feature,it
shouldbeselectedasafeaturefor asetof continuousscales.
Weusethebasicalgorithmdescribedin Section3.1to iden-
tify featurepointsfor eachradiusof thevolumedescriptor,
andthenselectonly thosepointsthatareafeaturefor at least
two consecutive radii.

Figure 3 shows feature points selectedfor the bunny
modelusingthescale-spacealgorithm.Most of thefeatures
arepersistentover large radii in thescale-spacerepresenta-
tion, exceptfor featuresnearthe eyes,which arepersistent
only oversmallscales.

Theresultof thefeatureselectionstageis a setof feature
pointsP0 selectedfrom thedatashape.For eachfeature,we
aregiventhecoordinatesof thepoint,scale-spacerepresen-
tation of the volume descriptor, and the rangeof radii for
which thispointwasclassi�edasa feature.Wenow develop
analgorithmthat �nds, for eachfeaturepoint on thedata,a
correspondingpointon themodel.

4. DistanceMetrics

Given a setof n featurepointsP0 selectedfrom datashape
P, thegoalof thecorrespondencesearchalgorithmis to �nd,
for eachpi 2 P0, a point qi 2 Q, thatis thebestmatchto pi .
Let P0 andQ0 be two setsof pointswith correspondences
givenas(pi ;qi). Wepresenttwo waysof evaluatingthequal-
ity of the correspondencebasedon the coordinatesof the
points(pi ;qi).

Thestandardmeasureof distancebetweentwo point sets
with known correspondencesis the coordinate root mean
squarederror, or cRMS.Thiserrormeasureshow closeeach
point pi comesto eachcorrespondingpoint qi afteranopti-
mal rigid aligningtransformis computedfor theentiresetof
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correspondingpoints.

cRMS2(P0;Q0) = min
R;t

1
n

n

å
i= 1

jjRpi + t � qi jj
2; (4)

whereR is arotationmatrixandt is atranslationvector. The
optimalaligningrigid transformationneedsto becomputed
beforetheerrorcanbeevaluated,which canbedoneusing
oneof the methodsdescribedin [ELF97]. The cRMS dis-
tancemetricis themostfrequentlyusedmeasureof residual
errorin registrationalgorithms.

An alternative metric of distancebetweentwo point sets
with known correspondencesis the distance root mean
squared error, or dRMS.This metric is commonlyusedin
computationalmolecularbiology for comparingthesimilar-
ity of two proteinshapes[Koe01]. ThedRMSerror is com-
putedby comparingall internalpairwisedistancesof thetwo
point sets,andis de�ned as

dRMS2(P0;Q0) =
1
n2

n

å
i= 1

n

å
j= 1

(jj pi � p j jj � jj qi � q j jj )
2: (5)

The triangleinequalityandthe propertythat the optimal
transformalignsthecentroidsof P0 andQ0 allows usto up-
perbounddRMSusingcRMSasfollows,

dRMS(P0;Q0) �
p

2 cRMS(P0;Q0): (6)

To computethe lower bound,we needto examineboth
Q0 and its re�ection aroundany arbitrary planeQ0 (since
dRMS is invariantunderre�ection, but cRMS is not). The
lowerboundcanbeshown to be

1
k
p

n
min(cRMS(P0;Q0);cRMS(P0;Q0)) � dRMS(P0;Q0):

(7)
Heren is the numberof correspondingpoint pairsandk is
a small constant,dependingon ratio of the diameterof the
datashapeto thefeatureexclusionradiususedin Section3.
TheseboundsmeanthanwhenthedRMSof two point sets
is small,their cRMSwill alsobesmall(whenthereis no re-
�ection), indicatingthatthepointsetsarein goodalignment.
Therefore,we canusedRMS insteadof cRMS to evaluate
how well two point setscorrespond.

dRMShastheadvantagethat it doesnot requirecompu-
tationof thealigningtransformbeforethequalityof thecor-
respondencecanbeevaluated.It is, in fact,only comparing
intrinsic propertiesof the two setsof correspondingpoints,
namelythe internalpairwisedistancesof eachpointset,as
opposedto comparingthe distancesbetweenthe two point
sets.This meansthat,given the setof featurepointsP0, its
pairwisedistancematrix needsto be computedonly once,
andthencomparedto pairwisedistancematricesof thepo-
tential correspondencesetsQ0. Additionally, sinceonly in-
trinsic propertiesof the point setsare examinedin dRMS
computation,we will beableto ef�ciently prunecorrespon-
dencesetsthat containwrong matcheswithout having to

comparetheentiresetsP0 andQ0. This will allow usto de-
velopanef�cient branch-and-boundalgorithmdescribedin
thenext section.

5. Corr espondenceSearch

5.1. Computing Potential Corr espondences

Let P0 be the set of n points picked by the feature se-
lection algorithm. For eachfeaturepoint pi we also have
the scale-spacerepresentationof the volume descriptor
(Vr1(pi); : : : ;Vrk(pi)) , and the valuesr i

a; r i
b, which are the

minimum andmaximumradii of the kernelof the volume
descriptorfor which pi is a persistentfeature.We now use
thedescriptorvaluesto selectpotentialcorrespondingpoints
in themodelshapeQ for eachfeaturepoint.

For our descriptor-basedmatching algorithm, we �rst
computethesamescale-spacerepresentationof thevolume
descriptoron the model shape.That is, we computevol-
umedescriptorsfor radii r1; r2; : : : ; rk for eachpoint on the
modelshape.Let p bea featurepoint selectedfrom thedata
shape,andlet rb bethelargestfeatureradius.We performa
rangequery in the model,andselectall pointsq suchthat
jVrb(p) � Vrb(q)j < e. We canalsoperformtherangequery
for any radiusbetweenra andrb of p, howeverwepreferthe
largestpossibleradiussinceit givesthemoststabledescrip-
tor. Thevariationof thedescriptorvaluesecanberelatedto
thegrid sizer andthe radiusof thevolumedescriptorr as
e � 3r

4r . This accountsfor the variation in the valueof the
volumedescriptordueto discretizationusingthevoxel grid.
Sincewepick r tobelargeenoughtoaccountfor noisein the
data,thereforeealsoabsorbsthenoisetermin Equation3.

The rangequery results in the set of points Cinitial (p)
whosevolumedescriptorfor the given radiusis similar to
thedescriptorvalueat p. Similar to theapproachin thefea-
tureselectionalgorithm,we wantto pick a setof pointsthat
representdistinctareasof themodel.Weclusterall pointsin
Cinitial (p) into clustersof radiusRc andpick from eachclus-
ter the point q that minimizesjVrb(p) � Vrb(q)j. This gives
the �nal setof correspondencesfor p, C(p). We repeatthis
procedurefor eachpoint in thefeatureset.

Using a rangesearchinsteadof exact matchof the de-
scriptorvaluesensuresthat thecorrectcorrespondenceof p
is includedin the setCinitial (p) (undera reasonablenoise
model).After clustering,we areguaranteedthat thecorrect
correspondenceis within Rc of a point in C(p). It follows
that thecorrectsetof correspondingpointsof P0 hascRMS
atmostRc, anddRMSis boundedby

p
2Rc. Thevalueof Rc,

therefore,is a knobthatcontrolsthequality of theresulting
registration.

5.2. Matching Algorithm

Eventhoughwe have a comparatively smallnumberof fea-
turepoints,andeachfeaturepointhasasmallnumberof po-
tentialcorrespondences,exhaustive explorationof thespace
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of all correspondencescanstill be prohibitively expensive.
Thekey observationthatwill allow usto developafastalgo-
rithm is thatwe canusetherigidity constraintsof thealign-
ing transformto ef�ciently eliminatea largesetof potential
correspondences.

Given a set of featurepoints P0 = (p1; : : : ;pn) selected
from thedatashape,anda setof potentialcorrespondences
for eachpoint in the model shape(C(p1); : : : ;C(pn)) , we
wantto selectasetof pointsQ0suchthatqi 2 C(pi) andthe
errormetricof Equation5 is minimizedoverall setsof such
correspondences.Sincewewill onlybeconsideringpointsin
Q thatbelongto somepotentialcorrespondenceset,wewill
changethenotationslightly in thissectionto simplify theex-
planationof thealgorithm.Givena featurepoint pi , we will
designatethe j-th memberof the potentialcorrespondence
setC(pi) asq j

i .

Considera pair of featurepoints (pi ;p j ). According to
their descriptorvalues,any pair of points (qk

i ;ql
j ) can be

usedas correspondingpoints. Rigid transformconstraints
tell us that the distancebetweenpi andp j needsto be the
sameas the distancebetweentheir correspondencesin the
model. Sincewe are using correspondencesthat are only
approximatewithin theclusteringradiusRc, thecorrespon-
dencepairsneedto satisfytherelationship

�
�
� jj pi � p j jj � jj qk

i � ql
j jj

�
�
� < 2Rc: (8)

We apply this thresholdingrule in a branch-and-boundal-
gorithm for �nding the best set of correspondences.Let
Q0= (q�

1; : : : ;q�
n) bethecurrentbestsetof correspondences

for thesetof featurepointsP0, andlet Emin = dRMS(P0;Q0)
be theerrorof thecurrentbestcorrespondenceset.We ini-
tialize the setof correspondencesusinga greedyalgorithm
describedin Section5.3. Thebranch-and-boundcorrespon-
dencesearchproceedsasfollows:

1. Assumecorrespondingpointshave beenassignedfor the
�rst k � 1 featurepoints, which gives us a partial cor-
respondenceset(qc1

1 ; : : : ;qck� 1
k� 1 ). We arelooking for the

correspondencefor thek-th featurepoint.
2. Thr eshold: For each potential correspondenceof pk,

apply the thresholdingtest of Equation8 with respect
to all previously selectedpoints.That is we verify that
Equation8 holds for all pairs (pi ;pk); (qci

i ;q j
k) for i =

1; : : : ;k � 1. If one of the testsfails, we can prunethe
branchthatincludesthecorrespondencepair (pk;q j

k).

3. Prune: Foreachq j
k thatpassesthethresholdingtest,form

thepartialcorrespondence(qc1
1 ; : : : ;qck� 1

k� 1 ;q j
k) andevalu-

atethedRMSerrorof this partialcorrespondence.If the
partial error is greaterthanthe error of the currentbest
estimateEmin, discardq j

k asacorrespondence.

4. Branch: For eachof theremainingq j
k thatpassboththe

thresholdingandthepruningtests,assignck = j, andre-
cursively invoke Step1. Onceall correspondencesfor pk

have beenexamined,we backtrackand assignthe next
correspondenceto thepreviouspointpk� 1.

5. Bound: If all featurepoints have beenassignedcorre-
spondences,computethe error of the match E. If the
dRMSerror is lessthanEmin, we potentiallyhave a bet-
ter correspondenceset,anda new bound,unlessthecur-
rent assignmentis actuallya re�ection. We canrule out
re�ection by makingsurethecRMSerrorof thecurrent
correspondencesetis alsosmall.If thecRMSerrorcheck
passes,weassignEmin = E andQ0= (qc1

1 ; : : : ;qcn
n ).

The branch-and-boundalgorithmis possiblebecausewe
are using the dRMS error metric, which can be computed
for partialcorrespondenceswithout theneedfor theoptimal
aligning transform.The only time whenthe aligning trans-
form in computedis in the laststep,andonly if we needto
updatethebound.

5.3. GreedyBound

Theinitial correspondenceanderrorboundis establishedus-
ing ahierarchicalgreedyalgorithm.Thealgorithm�rst �nds
the best correspondencesfor eachpair of featurepoints.
Thenit combinesthe pairsto form bestcorrespondingsets
of four points,thencombinesfoursinto eightsandsoon.

1. Form pairs: For eachpairof featurepoints(pi ;p j ) 2 P0,
choosethe bestpair of correspondingpoints(qk

i ;ql
j ) in

their associatedpotentialcorrespondencesets.The best
matchingpair of correspondencesis onethat minimizes

the distance metric penalty
�
�
� jj pi � p j jj � jj qk

i � ql
j jj

�
�
� .

This givesus the setE2 of O(n2) two-point correspon-
dences.We sort E2 in order of increasingdistancedis-
crepancy.

2. Combine pairs: Combinetwo-point correspondences
into four-point correspondences.Given a two-point cor-
respondencee 2 E2, �nd the two-point correspondence
in E2 thatdoesnotcontainany of thepointsof e, andthat
minimizesthedRMSerrorof theresultingfour-pointcor-
respondence.Remove from E2 all correspondencesthat
havethesameendpointsasthenew four-pointcorrespon-
dence,andcontinueuntil thesetE2 becomesempty. Call
this setE4, andagainsortit by increasingdRMSerror.

3. Build hierarchy: We continuemerging in this manner,
mergingpairsof elementsof asetEk to form thesetE2k.
We typically stopateitherE8 or E16.

4. Assign the rest of the points: We pick the correspon-
dencefrom the resulting set Ek that has the smallest
dRMS error. We usethis partial (8 or 16 point) corre-
spondenceto computetherigid transform(R; t) thatmin-
imizesthe cRMS error (Equation4) andapply it to the
entirefeaturepoint setP0. For all points in pi 2 P0 that
do not yet have correspondences,we assignthe point
q j

i 2 C(pi) that is closestto R(pi) + t. We usethis as
the initial correspondence(P0;Q0) andinitialize Emin to
dRMS(P0;Q0) in thealgorithmdescribedin Section5.2.
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This approachis greedybecauseeachsteppicks the best
correspondencesto merge togetherand never backtracks.
Thereforeis it possiblethat an incorrectcorrespondenceis
foundfor P0. However, aslong assomepointsarematched
to theircorrectcorrespondingpointsin Step1, thealgorithm
tendsto producea tight boundthatgreatlyspeedsup theba-
sic branch-and-boundalgorithm.In practice,this approach
often resultsin a very goodguessof thecorrectalignment,
resultingin effective pruningin thebranch-and-boundalgo-
rithm.

5.4. Partial Matching

Whenthe modelanddatashapesoverlaponly over part of
theirextent,notall thefeaturepointspickedon thedatawill
havecorrespondingpointsin themodel.Therefore,wemod-
ify ourmatchingalgorithmto handlesuchpartialmatches.

In addition to performingthe searchover all correspon-
dences,we alsoneedto �nd thesubsetof thefeaturepoints
thatarethesamein themodelanddata.We augmenttheset
of potentialcorrespondencesfor eachpoint,C(pi), with the
not presentvalue ; . When a point is assigned; as a cor-
respondence,it doesnot contribute to the computeddRMS
error. Wewantto maximizethenumberof featurepointsthat
getassignedavalid correspondingpoint in themodel,while
still keepingthedRMSerrorof thecorrespondencesetlow.

Supposewe know that k featurepointsaremissingfrom
the model,but do not know which k. We canrun our cor-
respondencesearchalgorithm,but pruneaway any branch
that hasmorethank pointsassignedthe ; correspondence.
This will selectthe bestn � k featurepoints that have the
bestcorrespondences.Sincewe do not know k, we canrun
thesamealgorithmfor k rangingfrom 0 to n� 3 (sinceonly
threepointsareneededto specifya rigid transform).For ro-
bustness,weactuallyrequireat least5 pointsto haveavalid
correspondence.We candetectthemaximumk sincetheer-
ror will sharplydecreaseoncen� k reachesthecorrectnum-
berof commonfeaturepoints.Figure6(d) shows thedRMS
errorvs.thenumberof matchedfeaturepointsfor theDavid
model.

6. Results

6.1. Object Registration

We appliedour algorithmto a numberof registrationprob-
lems.Although in the examplesthe modelanddatashapes
are shown in similar positions,the readershouldkeep in
mindthatouralgorithmdoesnotdependonany assumptions
aboutthe initial positionsof the input shapes,andthe input
shapeswere given to our algorithm in arbitrary positions.
Timing resultsfor theexperimentsaregivenin Figure4.

In the �rst example,we usethe algorithmfor whole ob-
ject alignmentin thepresenceof signi�cant noise.We align
thedragonmodelto acopy of itself corruptedby zero-mean

model selection num corr num
size time features time corr

Dragon 29,455 6.3 38 2.2 9
David 68,480 84.5 15 35.7 6
Bunny 35,000 21.8 11 13.9 4
Part 20,002 5.9 13 15.7 8
Hinge 45,311 19.0 30 1.2 12

Figure 4: Input size, running time(in sec),andnumberof
feature pointsfor the registration experiments.In all cases
the modelsizeand data sizeare similar, so we only give
thesizeof themodel.Thefeatureselectiontimeincludesde-
scriptorcomputationfor bothdataandmodel.Wealsoindi-
catethenumberof selectedfeaturepointsandaveragenum-
berof potentialcorrespondences(jC(p)j) for each point.

Gaussiannoise.Figure5 shows the results.Our alignment
brings the data (noisy) shapeclose enoughto the model
(smooth)shapethat applyingoneiterationof standardICP
with point-pointerrormetric [RL01] bringstheshapesinto
exactalignment.

Figure6 shows the resultsof applyingour algorithmto
registerpartially overlappingrangedata.We take two raw
scansof theDavid's face,subsamplethem,andconvert to a
meshrepresentation.We do not performany othersmooth-
ing or surfacereconstruction.The scansaregiven in arbi-
trary initial positions(scannercoordinates)andbroughtinto
closealignmentby ouralgorithm.Theposecomputedby our
algorithmis re�ned by runningthreeiterationsof ICP. Fif-
teenfeaturepointswerepicked on the datashape,eight of
which wereassignedcorrespondencesandusedto compute
thealignment.

Finally, we useour algorithmto build a completemodel
outof constituentrangescans.Givenasinputtenrangescans
of theStanfordbunny taken from differentview points,we
bring all scansto a commoncoordinateframe using our
algorithm. The rough alignmentaccumulateserrors since
we align eachscanonly to one other, anddo not perform
any bundle adjustment.However, the scansare now close
enoughto re�ne the pairwisematchesusing ICP, and dif-
fusetheaccumulatederrorover all scansusinga globalad-
justmentalgorithm[Pul99]. This givesus a completelyau-
tomaticmodelconstructionpipeline.Theresultis shown in
Figure1.

6.2. Symmetry Detection

Ourregistrationalgorithmcanbetrivially extendedto detect
symmetryin objectsby matchingan objectto a copy of it-
self. Insteadof returningthe bestmatchingorientation,we
returnall matcheswith smallerror. Sincethefeaturepoints
pickedby our algorithmarespacedfar apart,thedifference
betweenthesymmetrycon�gurationsandothermatcheswill
belarge.Figure7 shows theresultsof detectingsymmetries
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Figure 5: Dragonexample. (a) Input to thematching algorithm: Smoothdragon(themodel)andnoisydragon(thedata)with
descriptorvaluesshownat each point.Evenundernoisethedescriptorvaluesat featurepointslooksimilar. (b) Feature points
pickedon thedatashape. (c) Top: Registrationafterapplyingour algorithm.Bottom:Registrationafter re�nementby ICP.
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Figure 6: (a) Two scansof theDavid's face. Feature pointspickedon thedatashapeare shownin red.(b)Registration after
applyingour algorithm.(c) Registration after re�nementby ICP. Pointsactuallyusedto computealignmentin (b) are shown
in red.(d) Graphof dRMSerror asthefunctionof thenumberof matchedfeatures.Noticethesigni�cant increasein error for
more than8 points,which is thecorrectnumberof commonfeatures.

of a mechanicalpart.Notice that the graphof error in Fig-
ure7 showseightcon�gurationswith smallerror, whichcor-
respondsto theeight-waysymmetryof themodel.Weexpect
that this methodcanbeextendedto beableto detectpartial
symmetriesin theshape,whichis notpossibleusingexisting
methodsfor symmetrydetection[KFR04].

6.3. Articulated Matching

Our global registrationalgorithm can be usedto discover
rigid partsin objectsthat undergo articulateddeformation.
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Figure7: Symmetrydetectionusingregistration.(a) Feature
pointspickedbyour algorithm,whentheshapeis alignedto
a copyof itself. (b) Graph of the error for different corre-
spondencesets.Theeightcorrespondenceswith smallerror
indicatetheeight-waysymmetryof theshape.

In this case,P and Q are two positionsof the object.We
want to decomposethe shapeP into the minimum set of
partsP1 : : :Pk, suchthateachPi canbealignedto a partof
Q usinga rigid transform.Here,we presenta simpleproof
of conceptimplementation.

We performarticulateddecompositionby partial match-
ing of P andQ. This givesthe transformR1; t1. We apply
thetransformto thedatashape,andclassifyall pointsof the
datathatfall within a thresholdof themodelasbelongingto
componentP1. We thenseparateP1 andthe corresponding
Q1 from theinputshapesandrepeatthepartialmatchingal-
gorithmwith P� P1 andQ� Q1. Werepeattheprocessuntil
thesizeof theresidualsetbecomestoosmall.Figure8shows
theresultof segmentingashapeinto rigid componentsusing
thisalgorithm.

The featurespicked on the datashapein Figure 8 also
point oneof the advantagesof the non-canonicalnatureof
our featureselectionandcorrespondencesearch.If a linear
featureis presentin the input, suchasthe long edgeof the
hingemodel,our featureselectionalgorithmdiscretelysam-
plesthe edgeat intervals given by the exclusionradiusRe.
If we werepicking andmatchingfeatureson bothdataand
modelshapes,thisdiscretesamplingcouldpotentiallyresult
in two setsof pointswhich do not matcheachother. How-
ever, sinceweonly pick featuresononeshape,thedata,and
thensearchtheentiremodel,wealways�nd acompatibleset
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(a) (b)

Figure 8: Simplearticulatedmatching. (a) Two input posi-
tions of the shape. Feature pointspicked by our algorithm
are shownin red. (b) Using repeatedpartial matching, the
algorithmdiscovers two rigid components.

of points(to within the error given by the clusteringradius
Ec) with which to align thefeatures.

7. Conclusionsand Futur eWork

We presenteda globalregistrationalgorithmthatalignstwo
three-dimensionalshapeswithout any assumptionsabout
their initial positions.Our algorithmis ableto align whole
andpartiallyoverlappingshapes,andis robustto noisydata.
The algorithmworks well in the presenceof strongpoint-
like featuresin the input data.In the future,we would like
to extendthe algorithmto align linear featuresdirectly in-
steadof performingpoint sampling.Additionally, whenthe
input shapesdo not have strong features,the correspon-
dencesearchspaceexamined by the algorithm becomes
quite large. However, in this case,the shapeis relatively
simple,andICP-like approachesshouldhave large conver-
gencefunnels.Wewould like to studytheexactrelationship
betweenthe sizeof the features,the performanceof global
registration,andtheperformanceof ICP to developaneven
morecompleteautomaticregistrationsystemthatworksfor
arbitraryinputdatawith almostno restrictions.
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