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Abstract

We presentan algorithmfor theautomaticalignmentof two 3D shapegdataandmodel),withoutanyassumptions
abouttheir initial positions.Thealgorithmcomputegor ead surfacepointa descriptorbasedon local geometry
thatis robustto noise A smallnumberof featue pointsare automaticallypicked from the data shapeaccoding
to the uniquenes®f the descriptorvalue at the point. For eac feature point on the data, we usethe descriptor
valuesof the modelto nd potentialcorrespondingpoints.We thendevelopa fast branch-and-boundalgorithm
basedon distancematrix comparisongo selectthe optimal correspondencsetand bring the two shapesnto
a coarse alignment.Theresultof our alignmentalgorithmis usedas the initialization to ICP (iterative closest
point) and its variantsfor ne registration of the data to the model.Our algorithm can be usedfor matding
shapeghat overlap only over parts of their extent,for building modelsfrom partial range scans,as well as for

simplesymmetrydetection andfor matding shapesindegoingarticulatedmotion.

1. Intr oduction and Background

Global registration, or optimal alignment of two three-
dimensionalshapesn arbitrary initial positions,is a fun-

damentalproblemin shapeacquisitionand shapemodel-
ing. Giventwo shapespften calledthe modelanddata,the

goalisto nd arigid transformthatoptimally positions,or

registers,the datawith respectto the model. This process
is part of most3D shapeacquisitionpipelines,whereself-

occlusionsand scannedimitations usually require the ac-

quisition of multiple partial scansthat overlap. To build a

completemodel, the partial scansneedto be broughtinto

a commoncoordinatesystem(Figure 1), which is usually
doneby pairwiseregistration. This problemis particularly
hardwhenno informationis availableabouttheinitial posi-

tion of the modelanddatashapesthe inputscontainnoise,
andthe shapesoverlap only over partsof their extent (and
theoverlapsmaynotbeknown in adwance).

Solutionsto the registration problemfall into two gen-
eralclassesOneclass known asvoting methodsmalesuse
of the fact that the rigid transformis low-dimensionaland

exhaustvely searchedor the small numberof parameters
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neededo specifytheoptimaltransform GeneralizedHough
transform [HB94], geometrichashing[WR97], and pose
clustering[Sto87 quantizethe transformationspaceinto a

Figure 1: Automaticregistration of range data. Top: 10in-
putscangshownherein goodpositionfor visualizationthe
actualinput positionsare arbitrary). Bottomleft: Registra-
tion after applying our algorithm to overlapping pairs of
scansBottomright: Registration after applyinglCP ander-
ror relaxationto theinitial poseproducedby our algorithm.
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six dimensionatable.For eachtriplet of pointsin themodel
shapeandeachtriplet in the datashapethe transformation
betweenthe triplets is computedand a vote is recordedin
the correspondingell of thetable. The entry with the most
votes gives the optimal aligning transform. Another vari-
ant of this scheme the alignmentmethod[HU9Q], tallies
for eachtransformproposedby two triplets of points how
mary pointsof the dataare broughtby the transformclose
to apointin themodel.Thetransformwhich bringsthe most
datapointswithin athresholdof a pointin themodelis cho-
senasthe optimal aligning transform.Voting methodsare
guaranteedo nd the optimal alignmentbetweenthe data
andmodelshapesndareindependenof theinitial poseof
the input shapesHowever, sincethesemethodstendto be
costly they are usually not usedfor global registration of
scandata.

The secondclassof approacheso the registrationprob-
lem tries to solve the underlyingcorrespondencproblem:
for eachpoint on the datashapethe goalis to nd its cor
respondingpoint on the model. Given a setof correspond-
ing point-pairs,arigid transformcanbe computedhatbest
positionsthe two shapesothatthe distancebetweercorre-
spondingpointsis minimized[ ELF97]. Whentheinitial po-
sitionsof themodelanddataareclose,the correspondences
andthetransformareusuallyfoundusinga variantof the t-
eratedClosesfPPointalgorithm(ICP)[RLO1, MGPGO04. The
algorithmassigngo eachpointin thedataits closespointin
themodelasa correspondencepmputeghealigningtrans-
form, andappliesit to the datashape.This processs iter-
ateduntil somecorvergencecriterionis reachedThe main
limitation of ICP andits variantsis that,asalocal optimiza-
tion methodit is notguaranteedo nd theglobally optimal
alignment,and thereforeis only effective when the initial
position of the input shapess closeto the correctalign-
ment[MGPGO04. In shapeacquisitionsystems the input
scansare usually positionedmanually and thenregistered
usingICP.

Both the voting schemesndthe correspondenceearch
canbeimprovedby usinggeometricdescriptorsA geomet-
ric descriptoris a quantity computedfor eachpoint of the
modelandthedatabasedntheshapeof thelocalneighbor
hoodaroundthe point. Pointswhosedescriptorsaresimilar
potentially correspondHigh-dimensionalpr rich, descrip-
torssuchasspinimageqJH99 andshapecontexts[BMP0Z]
provide afairly detaileddescriptiorof theshapearoundeach
pointin transformation-independentanner Theadwantage
of rich descriptords thatgivena pointin the datashapejt
is likely thatonly a few pointsin the modelshapewill have
a similar descriptor and the point with the best-matching
descriptoiis likely to bethe correctcorrespondingpoint. In-
correctcorrespondencesre few andcanbe removed using
outlier detectiormethodq FB81], which meanghatrich de-
scriptorscan be usedto directly solve the correspondence
problem.Huber [HHO3] usesspin imagescomputedfrom
subsamplednput datafor automaticglobal registration of

rangedata.Rich descriptorsareparticularly popularfor ob-
ject recognitionandshaperetrieval, wherethe computation
of descriptorscanbe amortizedover large numberof com-
parisonquerie§ BMP02 FMK 03].

Low-dimensionaldescriptors,on the other hand, usu-
ally computeonly a few values per point. Examplesof
such descriptorsinclude cunvature and various curvature-
basedquantitiessuchas shapeindex [Koe9(Q and curved-
ness[KD92]. Low-dimensionaldescriptorsare typically
much easierto compute,store, and comparethan high-
dimensionakich descriptorsHowever, for a given pointin
thedatashapetheremaybemary pointsin themodelshape
with the samedescriptorvalue. Therefore Jow-dimensional
descriptorsare usually usedin conjunctionwith a voting
scheme[BS97 to reducethe size of the searchspaceor
with aniterative alignmentschemeo improve the funnel of
corvergence(setof startingpositionswhich resultin correct
alignment)[SLW02, GLB99.

Sincetheinputsto the registrationalgorithmare usually
large, a commonspeedupechniqueis to pick a setof fea-
turepointsonthemodelanddatabasednthecomputedie-
scriptorvalueg MKYO01]. Theregistrationis thenperformed
only with respecto thefeaturepoints,which resultsin sig-
ni cant reductionof the size of the searchspace.Feature
extraction methods however, can suffer from the problem
of picking inconsistenpointson the modelanddata,since
the two shapesare processedeparatelyThe resulting set
of featurepoints,therefore may not have a goodalignment.
Becauseof possibleerrorsin featureselection,correspon-
denceassignmentechniqueshasedon geometricdescrip-
tors usually build large correspondencsetsto increasero-
bustnesgo incorrectfeaturesandpairings.Therefore these
methodspnlike the voting schemesgo not make useof the
low-dimensionalityof thealigningrigid transform.

Contrib utions. In this paper we develop a new global
registrationalgorithm,basedn robustfeatureidenti cation
andcorrespondenceearchusinggeometriadescriptorsThe
main contritutionsof our methodareasfollows:

Our algorithm makes use of the fact that the aligning
transformis low-dimensionako robustly nd asmallset
of matchingpoint-pairsthat specify the optimal align-
ment.

We focuson identifying a smallnumberof featurepoints
on the datashape,and then searchingthe entire model
shapefor correspondencesThis approachavoids the
problemof selectingincompatiblefeaturesthat is com-
monin otherfeature-basedkgistrationmethods.

We usea novel shapedescriptoybasedon performingin-
tegral operationson the underlyingshapefor identifying
featuresn thedataandselectingpotentialcorrespondence
pointsin themodel.Our featureselectioralgorithmpicks
pointsonthedatashapevhichhave uncommordescriptor
valuesacrossarangeof scales.

For eachfeaturepoint, the correspondenceearchalgo-
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rithm examinesthe entiremodelshapeto identify the op-
timal correspondingpoint. The searchis madeef cient
by usinga measureof quality of correspondencdsased
on computingonly intrinsic quantitiesof the modeland
datashapesThis allows usto avoid computingan align-
ing transformationandresultsin anef cient branch-and-
boundalgorithm.Additionally, we usetherigid transform
constraintdor ef cient pruningof thesearctspace.
Since our algorithm only usesdescriptorvalues,which
areinvariantunderrigid transformsandintrinsicgeomet-
ric propertiesof the input shapeswe are able to align
themodelanddatashapesvithoutary assumptionabout
theirinitial position.The poseproducedoy our algorithm
is further re ned by ICP, producingan automaticglobal
registrationpipeline.

2. Integral Volume Descriptor

Let P be the input shape consistingof N pointspy :::pn-

The input can be speci ed asa meshor as a point cloud.
An m-dimensionabeometriadescriptoiis afunctionthatas-
signsto eachpointp 2 P avectorf(p) 2 IR™. To beusefulin

registrationalgorithms,a descriptorshouldbe invariantun-

derrigid transformationstobustto noise,andbasedon lo-

cal geometryaroundp (sincetheinput shapesnay be only

partially overlapping).We will restrictour attentionto low-

dimensionabdescriptorssincethey arecheapeto compute,
store,andcomparethanrich descriptors.

Most of the commonlow-dimensionalshapedescriptors
are basedon differential quantitiesof the shape sincethey
areinvariantunderrigid transformationsThe main limita-
tion of differentialdescriptorsywhichhasmadethemunpop-
ular in registrationalgorithms,is that any noisepresentin
the input getsampli ed whenderiativesarecomputed As
aresult,algorithmsthatrely on differentialdescriptorsxeed
to performcarefulsmoothingof bothdataandmodelshapes.

An alternatve approachthat hasyielded promisingre-
sultsin objectrecognitionandfeatureclassi cation,is to use
local shapénvariantsthatarebasednintegrationinsteadof
differentiation[MHY S04, CRT04]. Integral descriptorsre-
tain the desirablepropertiesof differential invariantssuch
aslocality and invarianceunderrigid transformationsbut
aremorerobustto noise.Manayet al. [MHYS04] shoved
that integral invariantshave descriptve power comparable
to cunature-basedescriptorsput aremoreeffective in 2D
objectrecognitionin the presenceof noise.In this section,
we extendtheintegral invariantsof [MHYS04] to 3D.

2.1. De nition of Descriptor

We develop a 3D integral invariant, calledthe integral vol-
umedescriptor This invariantis de ned at eachvertex p of
theinput shapeasfollows,

Vr(p) = _dx: 1)
Br(p)\ S
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Figure 2: lllustration of the volumeintegral descriptorin
2D. (a) Wetake theintersectionof a ball of radiusr centeed
at pointp with theinterior of the surface (b) Discretization
of thevolumedescriptorascomputedy our algorithm.The
cell sizeofthegridisr.

Herethe integrationkernel B (p) is a ball of radiusr cen-
teredat the point p, andSis the interior of the surfacerep-
resentedby P. The quantityV:(p) is the volume of the in-
tersectionof the ball Br(p) with the interior of the object
de ned by theinput mesh.Theinvariantis illustratedin 2D
in Figure2(a). Assumingthe intersectionof SandBy(p) is
simply-connectedthe volumedescriptoris relatedto mean
cunatureatp asfollows,

Ve(p) = 23 PR o8y, )

3 4

Theleadingtermis the volume of the half-ball of radiusr,
andthecorrectionterminvolvesthe meancurvatureH atthe
pointp.

To show that this descriptoris robustto noise,let P be
the patchthatboundsthe surfacewnhereit intersectghe ball
Br(p). Noise causesa perturbationthat movesp to p° and
thusthe kernelball Br(p) undegoesatranslationto Br(po).
The latter intersectsthe perturbedsurfacein a patch pe
TranslatingBr (p% backto Br(p) movesPto a patchP .
Apart from a negligible partalongthe intersectiorwith the
ball Br(p), the changeof the value of the volume descrip-
tor is given by the orientedvolumeDV betweenP andP .
Let usassumeahatP canbe expressedisa parametricsur
faces(u;v). We expresshe perturbatiortowardsP usinga
displacementeld t(u;Vv) in normaldirectionof eachpoint
of P. Then,thechangen volumedescriptorat p dueto the
perturbatiorcanbe shown to be

z Z 1 z
Dv= t(uyv)dA t2(u;v)H dA+ = t3(u;v)K dA;
P P 3p

®3)
whereK is the Gaussiarcurvatureat p. We assumehe per
turbationnoiseis independentlyidentically distributedwith
mearnzeroandvariances . Let Hmaxbethemaximummean
curvatureover the patchP, andA bethe areaof the patch,
thenthe expectedchangein the volume descriptorcan be
boundedoy JE[DV]] Hmaxs %A The changein descriptor
valuerelative to the volumeof theintegrationkernelis pro-
portionalto s2=r2, which shaws the robustnesf the de-
scriptorto noise.
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Figure 3: Valuesof the normalizedvolumedescriptorcomputedor the bunnymodel(a) for small and (b) large integration
kernels.We normalizethe descriptorvalue with respecto the volumeof the ball By to easevisualization(c) Feature points
picked by our algorithmon the bunnymodel.Small-scaldeatues,shownasyellow sphees,are persistentfor smallvaluesof
theintegration kernel. Featuesthat are persistentover large kernelradii are shownin red.

2.2. Implementation

The integral volumedescriptorcanbe computedef ciently
by a corvolution of the occupang voxel grid Go with the
ball grid Gg (Figure2(b)). Go(c) = 1if thevoxel c liesin-
side the shapeor intersectsthe boundary andis zero oth-
erwise.The ball grid Gg containsthe scan-cowuerted ball
of radiusr placedat the centerof the grid. The value of
the volume descriptorat eachcell ¢ is given by V(c) =
(Gs Gp)(c). The convolution canbe computedef ciently
by usingthe Fouriertransformof the ball grid andthe occu-

pany grid.

Theoccupang grid Go canbe computedisingscancon-
versionalgorithmsfor meshegNTO03] or ray shootingalgo-
rithmsfor pointclouds[AA03]. We setthe grid sizer to be
large enoughto accountfor the perturbationof the vertices
dueto noise.Oncethe convolution is computedthe value
of thevolumedescriptorat eachvertex of theinput shapds
given by the value of the descriptorat the voxel containing
thevertex.

Holesin theinput surfacesaffect the valueof thevolume
descriptorof all cellsthatlie within distancer of the hole,
sincethey resultin gapsin the occupang grid. Therefore,
we modify our descriptorcomputationto be robustto gaps
in the surface.If theholeis small,we Il it by performinga
dilation of the occupang grid by a few voxels, followed by
a contraction.If desired,other more expensve hole- lling
methodg DMGLO02, NTO3] canbe used,however, the dila-
tion methodis fastandeffectivein lling smallholeswhich
arecommonin rangedatadueto noisein the scanning.

Integral descriptorsare particularly suitedfor multiscale
representatiorsincethe scaleis given by the radiusof the
kernelB;. Figures3 (a) and(b) shav the volumedescriptor
computedfor the StanfordBunry modelfor two different
ball radii. In Section3.2 we describeanalgorithmthatuses
the multiscalerepresentatioof the volumedescriptotto ro-
bustly identify persistenfeatures.

3. Feature Point Selection

Our registration algorithm is basedon nding correspon-
dencesn the modelQ for a smallnumberof featurepoints
picked from the datashapeP. The featuresare selectedn
sucha way that makesthe searchfor correspondencgsar
ticularly simple. The key propertyof our featureselection
algorithmis that featurepoints should comefrom regions
with raredescriptoivalues . Sincethedataandmodelshapes
aresimilar over the matchingregion, andwe usedescriptor
valuesto selectpotentialcorrespondingpointsin the model
for eachfeaturepointin the data,pointswith rare descrip-
tor valuesarelikely to have only afew potentialcorrespon-
dencepoints. Thus, our featureselectionalgorithm specif-
ically picks points suchthat the resultingsearchfor corre-
spondencesvill be fast. Additionally, we do not needto
selectmary pointsasfeaturessincea rigid transformcan
be speci ed usingonly a smallnumberof points.Selecting
a small numberof featurepoints, suchthat eachwill have
only a smallnumberof potentialcorrespondencagsultsin
atractablecorrespondencsearchproblem.

We rst describean algorithm for a generaldescriptor
andthenshav how we usethe scale-spacespresentatioonf
thevolumedescriptottogethemwith apersistencCZCG04
algorithmto rohustly selectfeaturepointsat multiple scales.

3.1. BasicAlgorithm

Let f bethegeometricdescriptowhichassociatewith each
point p; avalue f(p;). The descriptorcanbe of ary dimen-
sion, in this sectionwe assumehatthe descriptorsareone-
dimensionalf (p;) 2 IR. A pointp is de ned to be afeature
if its descriptowvalueis rareamongall descriptorcomputed
for the datashapeP. Thefeaturepoint selectionproceedsas
follows:

1. Computea histogramof descriptorvalues, f(p;) for all
pointsin P. Thenumberof binsb in thehistogranis com-

putedusingScottsrule,b= 3:49s N %,Wheresf isthe
standardleviation of theN descriptowvalues[Sco79.

¢ TheEurographic#ssociation2005.



Gelfandetal. / RolustGlobal Registration

2. To selectfeaturepoints,we identify thek leastpopulated
bins suchthatthe total numberof pointsin thesebinsis
smallerthansomemaximumthresholds. The pointsthat
belongto thesebinsarethepotentialfeaturesintuitively,
featuresare thosepoints which are dissimilar from the
rest of the shape,which is capturedby the low occur
renceof their descriptovalues.The parametes controls
thetradeof betweeraccurag of thetransform(morecor
respondencegndrunningtime of the algorithm.In our
implementationye sets= 0:01IN.

3. Since nearby points are likely to belongto the same
feature,we want to prevent the algorithmfrom picking
pointsthataretoo closeto eachother We alsowantthe
pointsto cover the whole shapesincein caseof partial
matchingwe do notknow a priori which partof the data
shapewill overlapwith the model. Whena point p; is
picked, we mark all pointsthatfall into a ball of radius
Re aroundp; asunavailablefor selection.Enforcingthe
minimal separatiordistancebetweenthe featurepoints
also resultsis more stablecon gurationsin the corre-
spondencsearchstageof thealgorithm(Sectionb).

Notice that this processis not invariantto the order of
pointsin P. This meanghatit cannotbe usedto pick canon-
ical pointson the dataandmodelshapesAs mentionedbe-
fore, we do notrely on featurepointsbeingcanonical since
we will searchthe entiremodelshapefor correspondences,
insteadof trying to matchup canonicalpoints. This means,
aslong asa featurepointlies in the overlapregion between
the modelanddata,it will have a correspondencassigned
to it by thematchingstageof our registrationalgorithm.

The above algorithmworks with ary kind of descriptor
which canbe representeésa vectorin IR™. Sincewe are
picking asfeaturesthosepoints of P that have uncommon
descriptovalueswe needadescriptotthatis robustto noise,
makingintegral descriptorsparticularlywell suitedfor this
kind of approachFigure 5(b) shavs the featurepoints se-
lectedonthedragonmodelcorruptedwith zero-mearGaus-
siannoise.

3.2. Scale-spacé&epresentationand PersistentFeatures

We further improve the robustnessof the feature selec-
tion algorithm by consideringthe scale-spaceepresenta-
tion of the descriptor Integral descriptorsare particularly
well suitedfor suchapproachsincethe scaleis naturally
controlled by the radius of the integration kernel By, but
other scale-spaceepresentationssuch as cunature scale
spacdMKYO01, PKGO3 canalsobeused.

If apointp is anactualfeaturepoint, it shouldbe present
over a setof consecutie scalesof the descriptor A point
thatis anoutlier, onthe otherhand,is likely to disappeaas
afeatureasthescaleis varied.Therefore we usethe persis-
tence[CZCGO04 of afeaturepointin the scale-spaceepre-
sentatiorto identify true featuresanddiscardoutliers.
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Most shapescontainfeaturesat different scales,so we
do not expecta point to be a featureover the entire scale-
spaceof thedescriptorinsteadwe de ne asafeatureapoint
whosedescriptovalueis rareover a setof consecutie ker
nel radii of the volumedescriptor Small scalefeatureswill
be persistenfor smallradii of thedescriptorandlarge-scale
featuresover large radii, andoutliersmaylook lik e features
for someradii but arenot persistentin additionto identify-
ing a point asa feature,our algorithmautomaticallyidenti-

es thescaleof thefeature.

To implementthe persistencalgorithm, we samplethe
scalesof the volumedescriptorat discreteintenals. We di-
videtherangermin r rmaxOf possibleball radiiintok in-
tenals(k= 5in ourimplementationandcorvolvetheoccu-
pang grid with the differentball grids. To avoid discretiza-
tion errors,rmin is setto 10r, wherer is the resolutionof
the voxel grid. We alsolimit rmax to somefraction (usually
setto 0:1) of thediameterof theinput shapeto presere the
locality propertyof the shapedescriptorWe alsonormalize
the magnitudeof the volumedescriptorfor eachradiusr by
the volume of the ball Br. For a point p to be a feature,it
shouldbeselectedhsafeaturefor asetof continuousscales.
We usethebasicalgorithmdescribedn Section3.1to iden-
tify featurepointsfor eachradiusof the volumedescriptor
andthenselectonly thosepointsthatareafeaturefor atleast
two consecutie radii.

Figure 3 shaws feature points selectedfor the bunry
modelusingthe scale-spacalgorithm.Most of thefeatures
arepersistenpver large radii in the scale-spaceepresenta-
tion, exceptfor featuresnearthe eyes,which are persistent
only over smallscales.

Theresultof thefeatureselectionstageis a setof feature
pointsPO selectedrom the datashape For eachfeature we
aregiventhe coordinateof the point, scale-spaceepresen-
tation of the volume descriptoy and the rangeof radii for
whichthis pointwasclassi ed asafeature We now develop
analgorithmthat nds, for eachfeaturepointonthedata,a
correspondingpointonthemodel.

4. DistanceMetrics

Given a setof n featurepoints PO selectedrom datashape
P, thegoalof thecorrespondencgearchalgorithmis to nd,
for eachp; 2 P° apointq; 2 Q, thatis thebestmatchto p;.
Let P° and Q° be two setsof pointswith correspondences
givenas(pi; gi) . We presentwo waysof evaluatingthequal-
ity of the correspondencbasedon the coordinatesof the
points(pi; qi).

The standardneasuref distancebetweertwo point sets
with known correspondenceis the coordinate root mean
squaederror, or cRMS.Thiserrormeasurefow closeeach
point p; comesto eachcorrespondingpoint g; afteran opti-
malrigid aligningtransformis computedor theentiresetof
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correspondingoints.
18 .
cRMS(PQY) = min~ & jiRpi+t aij*  (4)
=g

whereR is arotationmatrixandt is atranslatiorvector The
optimalaligningrigid transformatiomeedso be computed
beforethe error canbe evaluatedwhich canbe doneusing
one of the methodsdescribedn [ELF97]. The cRMS dis-
tancemetricis the mostfrequentlyusedmeasuref residual
errorin registrationalgorithms.

An alternatie metric of distancebetweentwo point sets
with known correspondencess the distance root mean
squaed error, or dRMS. This metricis commonlyusedin
computationamolecularbiology for comparinghesimilar
ity of two proteinshapegKoe0]. ThedRMSerroris com-
putedby comparingall internalpairwisedistance®f thetwo
pointsets,andis de ned as

100 o )
dRMS(PQY= - & & (ipi piii liai aii)* ()
i=1j=1

The triangleinequality andthe propertythat the optimal
transformalignsthe centroidsof = andQ0 allows usto up-
perbounddRMSusingcRMS asfollows,

dRMS(P® Q% 3 cRMS(P% QY: (6)

To computethe lower bound,we needto examineboth
Q% andits re ection aroundary arbitrary plane Q° (since
dRMS s invariantunderre ection, but cRMS is not). The
lower boundcanbe shavn to be

E&—ﬁmin(cRMS(PO;QO);cRMS(PO;ﬁo)) dRMS(P%QY):
(7)

Heren is the numberof correspondingoint pairsandk is

a small constantdependingon ratio of the diameterof the
datashapeto thefeatureexclusionradiususedin Section3.

Theseboundsmeanthanwhenthe dRMS of two point sets
is small,their cRMSwill alsobesmall(whenthereis nore-
ection), indicatingthatthepointsetsarein goodalignment.
Therefore,we canusedRMS insteadof cRMS to evaluate
how well two point setscorrespond.

dRMS hasthe advantagethatit doesnot requirecompu-
tationof thealigningtransformbeforethe quality of thecor-
respondenceanbeevaluatedlt is, in fact,only comparing
intrinsic propertiesof the two setsof correspondingoints,
namelythe internal pairwise distancef eachpointset,as
opposedo comparingthe distancedetweenthe two point
sets.This meangthat, given the setof featurepoints PO, its
pairwisedistancematrix needsto be computedonly once,
andthencomparedo pairwisedistancematricesof the po-
tential correspondencsetsQO. Additionally, sinceonly in-
trinsic propertiesof the point setsare examinedin dRMS
computationye will beableto ef ciently prunecorrespon-
dencesetsthat contain wrong matcheswithout having to

comparethe entiresetsP® andQP. This will allow usto de-
velop anef cient branch-and-boundlgorithmdescribedn
thenext section.

5. CorrespondenceéSearch
5.1. Computing Potential Correspondences

Let P? be the set of n points picked by the feature se-
lection algorithm. For eachfeaturepoint p; we also have
the scale-spacaepresentationof the volume descriptor

minimum and maximumradii of the kernel of the volume
descriptorfor which p; is a persistenfeature.We now use
thedescriptovaluesto selectpotentialcorrespondingpoints
in themodelshapeQ for eachfeaturepoint.

For our descriptofbasedmatching algorithm, we rst
computethe samescale-spaceepresentationf the volume
descriptoron the model shape.That is, we computevol-

modelshapelet p beafeaturepoint selectedrom the data
shapeandlet ry bethelargestfeatureradius.We performa
rangequeryin the model,andselectall pointsq suchthat
Vr(P)  Vip(9)j < e We canalsoperformthe rangequery
for ary radiusbetweerra andry, of p, howeverwe preferthe
largestpossibleradiussinceit givesthe moststabledescrip-
tor. Thevariationof the descriptorvaluese canberelatedto
the grid sizer andtheradiusof the volumedescriptor as
e i—rr. This accountsfor the variationin the value of the
volumedescriptordueto discretizatiorusingthe voxel grid.
Sincewepickr to belargeenougho accounfor noisein the
data thereforee alsoabsorbghenoisetermin Equation3.

The rangequery resultsin the set of points Cinitial (P)
whosevolume descriptorfor the given radiusis similar to
thedescriptovalueatp. Similar to the approactin thefea-
ture selectionalgorithm,we wantto pick a setof pointsthat
representlistinctareasf themodel.We clusterall pointsin
Cinitial (p) into clustersof radiusR; andpick from eachclus-
ter the point g that minimizesjVi,(p) W, (Q)j. This gives
the nal setof correspondencdsr p, C(p). We repeathis
procedurdor eachpointin thefeatureset.

Using a rangesearchinsteadof exact matchof the de-
scriptorvaluesensureghatthe correctcorrespondencef p
is includedin the setCiitial (p) (undera reasonableoise
model).After clustering,we areguaranteedhatthe correct
correspondencis within Re of a pointin C(p). It follows
thatthe correctsetof correspondin$clintsof P hascRMS
atmostRc, anddRMSis boundedly  2Rc. Thevalueof R,
thereforejs a knobthatcontrolsthe quality of theresulting
registration.

5.2. Matching Algorithm

Eventhoughwe have a comparatiely smallnumberof fea-
turepoints,andeachfeaturepointhasa smallnumberof po-
tential correspondencesxhaustve explorationof the space
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of all correspondencesanstill be prohibitively expensve.
Thekey obsenationthatwill allow usto developafastalgo-
rithm is thatwe canusetherigidity constraintof thealign-
ing transformto ef ciently eliminatealarge setof potential
correspondences.

wantto selecta setof pointsQosuchthatqi 2 C(pi) andthe
errormetricof Equation5 is minimizedover all setsof such
correspondenceSincewewill only beconsideringointsin
Q thatbelongto somepotentialcorrespondencset,we will
changehenotationslightly in this sectiorto simplify theex-
planationof the algorithm.Givenafeaturepoint p;, we will
designatedhe j-th memberof the potentialcorrespondence
setC(pi) asq; .

Considera pair of featurepoints (pj;pj). Accordingto
their descriptorvalues,ary pair of points (q}‘;q']-) canbe
usedas correspondingpoints. Rigid transformconstraints
tell us thatthe distancebetweenp; andpj needsto be the
sameasthe distancebetweentheir correspondenceis the
model. Sincewe are using correspondencethat are only
approximatewithin the clusteringradiusRc, the correspon-
dencepairsneedto satisfytherelationship

iip Pl g dlii < 2Re: ®)

We apply this thresholdingrule in a branch-and-bounal-
gorithm for nding the bestset of correspondenced.et
Q0= (g1::::;0n) bethecurrentbestsetof correspondences
for the setof featurepointsP? andlet Eyin= dRMSP% Q9
bethe error of the currentbestcorrespondencset. We ini-
tialize the setof correspondencassinga greedyalgorithm
describedn Section5.3. The branch-and-boundorrespon-
dencesearchproceedssfollows:

1. Assumecorrespondingointshave beenassignedor the
rst k 1 featurepoints, which gives us a partial cor

correspondenc®r the k-th featurepoint.

2. Threshold: For each potential correspondencef py,
apply the thresholdingtest of Equation8 with respect
to all previously selectedpoints. Thatis we verify that
Equation8 holds for all pairs(pi;pk);(qf‘;ql‘() fori=

branchthatincludesthe correspondenceair (py; qll().

3. Prune: Foreachqij(thatpasseshethresholdingest,form

thepartial correspondenc@q‘f; N qﬁk 11; qu() andevalu-

atethe dRMS error of this partial correspondencéf the
partial error is greaterthanthe error of the currentbest
estimateEnin, discardqll( asacorrespondence.

4. Branch: For eachof theremaininng‘( thatpassboththe
thresholdingandthe pruningtests,assigncg = j, andre-
cursively invoke Stepl. Onceall correspondencdsr py
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have beenexamined,we backtrackand assignthe next
correspondenci® the previouspointpy 1.

5. Bound: If all featurepoints have beenassignedcorre-
spondencesgomputethe error of the matchE. If the
dRMS erroris lessthanEn;n, we potentiallyhave a bet-
ter correspondencseet,anda new bound,unlessthe cur
rentassignments actuallya re ection. We canrule out
re ection by makingsurethe cRMS error of the current
correspondencsetis alsosmall.If thecRMSerrorcheck

The branch-and-boundlgorithmis possiblebecauseve
are using the dRMS error metric, which canbe computed
for partial correspondencasithout the needfor the optimal
aligning transform.The only time whenthe aligning trans-
form in computeds in the laststep,andonly if we needto
updatethebound.

5.3. GreedyBound

Theinitial correspondencanderrorboundis establishedis-
ing ahierarchicafreedyalgorithm.Thealgorithm rst nds

the best correspondencefr each pair of feature points.
Thenit combinesthe pairsto form bestcorrespondingets
of four points,thencombinedoursinto eightsandsoon.

1. Form pairs: For eachpair of featurepoints(pj; pj) 2 =
choosethe bestpair of correspondingaoints(qik; q'j) in
their associategbotentialcorrespondencsets.The best
matchingpair of correspondences onethatminimizes
the distance metric penalty jipi pjjj jjaf ajij .
This givesus the setE, of O(nz) two-point correspon-
dencesWe sort E, in order of increasingdistancedis-
crepang.

2. Combine pairs: Combinetwo-point correspondences
into four-point correspondence&iven a two-point cor
respondence 2 E,, nd the two-point correspondence
in E; thatdoesnot containary of the pointsof e, andthat
minimizesthedRMSerrorof theresultingfour-pointcor
respondenceRemaore from E; all correspondencehat
have thesameendpointasthenew four-pointcorrespon-
denceandcontinueuntil thesetE, becomegmpty Call
this setE4, andagain sortit by increasingdRMSerror.

3. Build hierarchy: We continuemeging in this manney
meiging pairsof elementf asetEy to form the setEy.
We typically stopateitherEg or Ezg.

4. Assignthe restof the points: We pick the correspon-
dencefrom the resulting set E; that has the smallest
dRMS error We usethis partial (8 or 16 point) corre-
spondencéo computetherigid transform(R;t) thatmin-
imizesthe cRMS error (Equation4) andapply it to the
entirefeaturepoint setP? For all pointsin p; 2 PO that
do not yet have correspondencesye assignthe point
qil 2 C(pj) thatis closestto R(pj) + t. We usethis as
theinitial correspondence”® QY andinitialize Emin to
dRMS(PQ, QO) in thealgorithmdescribedn Section5.2



Gelfandetal. / RotustGlobal Registration

This approachis greedybecausesachstep picks the best
correspondence® memge togetherand never backtracks.
Thereforeis it possiblethat anincorrectcorrespondencis

foundfor P°. However, aslong assomepointsare matched
to their correctcorrespondingointsin Stepl, thealgorithm
tendsto produceatight boundthatgreatlyspeedsip theba-

sic branch-and-boundlgorithm. In practice,this approach
oftenresultsin a very goodguessof the correctalignment,
resultingin effective pruningin the branch-and-boundlgo-

rithm.

5.4. Partial Matching

Whenthe modeland datashapesverlaponly over part of
their extent,notall thefeaturepointspicked onthe datawill
have correspondingointsin themodel.Thereforewe mod-
ify ourmatchingalgorithmto handlesuchpartial matches.

In additionto performingthe searchover all correspon-
denceswe alsoneedto nd the subsebf the featurepoints
thatarethe samein themodelanddata.We augmenthe set
of potentialcorrespondencesr eachpoint, C(p;), with the
not presentvalue ; . Whena point is assigned asa cor
respondencet doesnot contribute to the computeddRMS
error Wewantto maximizethenumberof featurepointsthat
getassigned valid correspondingointin themodel,while
still keepingthedRMS errorof the correspondencsetlow.

Supposeave know thatk featurepointsare missingfrom
the model, but do not know which k. We canrun our cor
respondencsearchalgorithm, but pruneaway ary branch
thathasmorethank pointsassigneahe; correspondence.
This will selectthe bestn k featurepoints that have the
bestcorrespondence&incewe do not know k, we canrun
the samealgorithmfor k rangingfromOton 3 (sinceonly
threepointsareneededo specifyarigid transform).For ro-
bustnesswe actuallyrequireatleast5 pointsto have avalid
correspondenc&Ve candetectthe maximumk sincetheer
rorwill sharplydecreasencen kreacheshecorrectnum-
berof commonfeaturepoints.Figure6(d) shovs thedRMS
errorvs.the numberof matchedeaturepointsfor the David
model.

6. Results
6.1. Object Registration

We appliedour algorithmto a numberof registrationprob-
lems. Although in the examplesthe modelanddatashapes
are shavn in similar positions,the readershould keepin
mindthatouralgorithmdoesnotdependnary assumptions
abouttheinitial positionsof the input shapesandtheinput
shapeswere given to our algorithmin arbitrary positions.
Timing resultsfor the experimentsaregivenin Figure4.

In the rst example,we usethe algorithmfor whole ob-
jectalignmentin the presencef signi cant noise.We align
thedragonmodelto a copy of itself corruptedby zero-mean

model selection num corr  num
size time features time corr
Dragon 29,455 6.3 38 2.2 9
David 68,480 84.5 15 35.7 6
Bunry 35,000 21.8 11 13.9 4
Part 20,002 5.9 13 15.7 8
Hinge 45,311 19.0 30 1.2 12

Figure 4: Inputsize runningtime (in sec),and numberof

feature pointsfor the registration experimentsin all cases
the modelsize and data size are similar, so we only give
thesizeof themodel.Thefeature selectiortimeincludesde-
scriptor computatiorfor bothdataandmodel We alsoindi-

catethe numberof selectedeatuie pointsandaverage num-
ber of potentialcorrespondence§C(p)j) for ead point.

Gaussiamoise.Figure 5 shaws the results.Our alignment
brings the data (noisy) shapeclose enoughto the model
(smooth)shapethat applying oneiteration of standardCP
with point-pointerror metric[RLO1] bringsthe shapesnto
exactalignment.

Figure 6 shaws the resultsof applying our algorithmto
register partially overlappingrangedata.We take two raw
scanof the David's face,subsamplehem,andcornvertto a
meshrepresentatioriWe do not performary othersmooth-
ing or surfacereconstructionThe scansare given in arbi-
traryinitial positions(scannecoordinatespndbroughtinto
closealignmentby ouralgorithm.Theposecomputedy our
algorithmis re ned by runningthreeiterationsof ICP. Fif-
teenfeaturepointswere picked on the datashape eight of
which wereassignedorrespondenceendusedto compute
thealignment.

Finally, we useour algorithmto build a completemodel
outof constituentangescansGivenasinputtenrangescans
of the Stanfordbunry taken from differentview points,we
bring all scansto a common coordinateframe using our
algorithm. The rough alignmentaccumulateserrors since
we align eachscanonly to one other and do not perform
ary bundle adjustmentHowever, the scansare now close
enoughto re ne the pairwise matchesusing ICP, and dif-
fusethe accumulatecetrrorover all scansusinga global ad-
justmentalgorithm[Pul99. This givesus a completelyau-
tomaticmodelconstructiorpipeline. Theresultis shavn in
Figurel.

6.2. Symmetry Detection

Ourregistrationalgorithmcanbetrivially extendedo detect
symmetryin objectsby matchingan objectto a copy of it-
self. Insteadof returningthe bestmatchingorientation,we
returnall matcheswith smallerror. Sincethe featurepoints
picked by our algorithmare spacedar apart,the difference
betweerthesymmetrycon gurationsandothermatcheswill
belarge.Figure7 shavs theresultsof detectingsymmetries
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@)

(b) (©

Figure 5: Dragonexample (a) Inputto the matcing algorithm: Smoothdragon (the model)and noisydragon (the data) with
descriptorvaluesshownat ead point. Evenundernoisethe descriptorvaluesat feature pointslook similar. (b) Feature points
pickedonthedatashape (c) Top: Registration after applyingour algorithm. Bottom:Registration after re nementby ICP.

(@) (b)

s

RS Error
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A

Number of Matched Feature Points

(© (d)

Figure 6: (a) Two scansof the David's face Featuse pointspicked on the data shapeare shownin red.(b) Registration after
applyingour algorithm. (c) Registration after re nementby ICP. Points actually usedto computealignmentin (b) are shown
in red. (d) Graph of dRMSerror asthe functionof the numberof matdedfeatuies.Noticethe signi cant increasein error for
more than8 points,which is the correctnumberof commorfeatues.

of a mechanicapart. Notice thatthe graphof errorin Fig-
ure7 shawvseightcon gurationswith smallerror, which cor
respondso theeight-way symmetryof themodel.We expect
thatthis methodcanbe extendedto be ableto detectpartial
symmetriesn theshapewhichis notpossibleusingexisting
methodsor symmetrydetectionf KFR04].

6.3. Articulated Matching

Our global registrationalgorithm can be usedto discover

rigid partsin objectsthat undego articulateddeformation.

GRMS Error

@ (b)

Figure 7: Symmetryletectiorusingregistration. (a) Featue
pointspickedby our algorithm,whenthe shapes alignedto
a copy of itself. (b) Graph of the error for different corre-
spondencsets.Theeightcorrespondencesith smallerror
indicatethe eight-waysymmetryof the shape
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In this case,P and Q aretwo positionsof the object. We
want to decomposehe shapeP into the minimum set of
partsP; ::: Py, suchthateachP; canbealignedto a partof
Q usingarigid transform.Here,we presenta simple proof
of concepimplementation.

We performarticulateddecompositiorby partial match-
ing of P and Q. This givesthe transformR1;t1. We apply
thetransformto the datashapeandclassifyall pointsof the
datathatfall within athresholdof the modelasbelongingto
componen®;. We thenseparaté®; andthe corresponding
Q1 from theinput shapesndrepeathe partialmatchingal-
gorithmwith P P; andQ Q;. Werepeatheprocesauntil
thesizeof theresiduaketbecomesoosmall.Figure8 shavs
theresultof sggmentinga shapento rigid componentsising
this algorithm.

The featurespicked on the datashapein Figure 8 also
point one of the advantagesf the non-canonicahatureof
our featureselectionandcorrespondencsearchlif alinear
featureis presentin theinput, suchasthe long edgeof the
hingemodel,ourfeatureselectioralgorithmdiscretelysam-
plesthe edgeat intervals given by the exclusionradiusRe.
If we were picking andmatchingfeatureson both dataand
modelshapesthis discretesamplingcould potentiallyresult
in two setsof pointswhich do not matcheachother How-
ever, sincewe only pick featureson oneshapethedata,and
thensearchtheentiremodel,wealways nd acompatibleset



Gelfandetal. / RotustGlobal Registration

(a) (b)

Figure 8: Simplearticulatedmatding. (a) Two input posi-
tions of the shape Featue points picked by our algorithm
are shownin red. (b) Using repeatedpartial matding, the
algorithmdiscovers tworigid components.

of points(to within the error given by the clusteringradius
Ec) with whichto alignthefeatures.

7. Conclusionsand Futur e Work

We presented globalregistrationalgorithmthatalignstwo
three-dimensionakhapeswithout ary assumptionsabout
their initial positions.Our algorithmis ableto align whole
andpartially overlappingshapesandis robustto noisydata.
The algorithmworks well in the presenceof strongpoint-
like featuresin the input data.In the future, we would like
to extendthe algorithmto align linear featuresdirectly in-
steadof performingpoint sampling.Additionally, whenthe
input shapesdo not have strong features,the correspon-
dencesearchspaceexamined by the algorithm becomes
quite large. However, in this case,the shapeis relatively
simple,and|ICP-like approacheshouldhave large corver-
gencefunnels.We would lik e to studythe exactrelationship
betweenthe size of the featuresthe performanceof global
registration,andthe performancef ICP to developaneven
morecompleteautomaticregistrationsystemthatworks for
arbitraryinput datawith almostno restrictions.
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