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Abstract

In this paper we proposeto studydeformablenecklaces— e xible chainsof balls, called
beadsjn which only adjacenballs may intersect. Suchobjectscanbe usedto modelmacro-
molecules,muscles,ropes,and other linear objectsin the physicalworld. We exploit this
linearity to develop geometricstructuresassociatedvith necklaceghatareusefulfor collision
detectionin physicalsimulations We shov how thesestructurecanbeimplementecef ciently
andmaintainedundernecklacedeformation.In particular we studya boundingvolumehierar
chy basedon spheresvhich canbe usedfor collision andself-collisiondetectionof deforming
andmoving necklaces.As our theoreticaland experimentalresultsshow, sucha hierarchyis
easyto computeand, moreimportantly is alsoeasyto maintainwhenthe necklacedeforms.
Usingthis hierarchywe achiese a collision detectionupperboundof in two dimen-
sionsand in -dimensions, . To our knowledge,thisis the rst subquadratic
boundprovedfor a collision detectionalgorithmusingprede nedhierarchiesIn addition,we
shawv that the power diagram,with the help of someadditionalmechanismsg¢an be usedto
detectself-collisionsof anecklacein away thatis complementaryo the spherehierarchy
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1 Intr oduction

In mary applicationsobjectsare hierarchicallyorganizedinto groupsandthe motionsof objects
within thesamegrouparehighly correlated For example thoughnotall pointsin anelasticbounc-
ing ball, elongatingmuscle,or folding ropefollow exactly the samerigid motion, the trajectories
of nearbypointsare similar andthe overall motion is perhapsbestdescribedasthe composition
of a global rigid motion with a small local deformation. Similarly, the motion of an articulated
gure, e.g.,amanwalking or a proteindeforming,is mostsuccinctlydescribedasa setof relative
motionsof limbs or partsagainstotherparts. Motivatedby suchapplicationswe studya simple
modelfor deformabldinear objectssuchasproteinbackbonesmusclesandropes.We represent
suchanobjectasa sequencef spheresWe call thelinearobjecta neklace andits sphericalele-
mentsbeads Spheresarewidely usedasprimitive elementsn engineeringnodeling[6], andthey
areohviously the appropriatechoicefor proteins.(SeeFigurel for a few examplesof necklaces.)
Spheresalsosimplify substantiallythe basicgeometriccalculationsand allow us to focuson the
combinatoriaissueghatform our maininterest.In this paperwe studyhow to track differentge-
ometricattributesof a necklace suchasits power diagramor a boundingspherehierarchy which
areusefulin detectingcollision betweentwo necklaceor self-collisionwithin a single necklace.
Thougha necklacdlivesin it hasan essentiabne-dimensionatharacterwhich allows usto
developsimpleralgorithms!

(ii) (iii)

Figure 1. A few necklaces(i) ProteinladyAO,(ii) afragmentof a protein,and(iii) ahelix.

The exactway in which a necklacemoves and deformsdependson the physicalmodelused
andis applicationdependentSincewe do not modelthe physics,we take a bladk boxview of the
physicalsimulation. We assumehat at certaintimes (the time stepsof the simulation)an oracle
movesthe beadsforming the necklaceaccordingto the underlyingphysicsandreportstheir new
positionsbackto us. Thoughin generalevery singlebeadmovesat eachstep,we assumehatthe
time stepschoserby thesimulatoraresuchthatthe motionof eachbeadat every stepis small,when
comparedo theoverall scaleof the simulation. Thusthe basicproblemwe addresss how to repair
ageometricstructureaftersmalldisplacementsf its de ning elements.

11t is worth noting that, thoughmodelingsomeaspectf linear objectsis simplerthanmodelingsurfacesor solids,
linearobjectscancomeinto self-proximity andself-contacin moreelaboratevaysthantheir higherdimensionakcoun-
terparts.Sofrom a certainpoint of view, dealingwith collisionsfor deformabldinearobjectsis thehardestase.



Relatedwork. A commonlyusedapproacho expeditethe collision detectionbetweencomple
shapeds basedon hierarchiesof simple boundingvolumessurroundingeachof the objects. To
build sucha hierarchy a speci ¢ geometricshapeis selectedasthe boundingvolume of choice.
Commonchoicesare axis-alignedooundingboxes (AABBS) [19, 2], arbitrarily orientedbounding
boxes(OBBs)[14], -DOPs[23], andsphereg29, 19]; see[24] for a surwey. For a givenplacement
of two non-intersectingbjects,their respectre hierarchiesarere ned only to the coarsestevel
at which the primitive shapedn the two hierarchiescan be shavn to be pairwisedisjoint. The
choiceof a boundingshapeusuallypresents trade-of betweerthe easeof testingfor intersection
two suchshapesandthetotal numberof boundingvolumechecksrequiredfor detectingcollision.
Recentwork by ZhouandSuri[34] providesa theoreticaframavork that suggestsvhy bounding-
volume hierarchieswvork sowell for collision detectionin practice. Following the publicationof
the preliminary versionof this paper Erickson[11] shaved that hierarchiccollision detectionis
for abroadclassof practicalgeometricnodelandboundingvolumes.

Motion in the physicalworld is in generakontinuousover time. Sincethe exactmotionis hard
to predict,mostsystemsamplethe motion at discretetime stepsandrepeatedlytestfor collisions.
Insteadof performingafull collision checkab initio at eachtime step,in mary casesanattemptis
madeto expeditecollision checkingby exploiting temporalcoherencéseee.g.[27]). In the context
of bounding-wlume hierarchiesthe hierarchyis locally re ned or coarseneét eachtime step,as
objectsmove closeror further apart. Though x ed time-samplingis customaryfor motion inte-
gration, collisionstendto be ratherirregularly spacedover time, which makesthe choiceof time
stephard—alarge time stepwill misssomeof the collisions,anda shorttime stepwill generate
unnecessargomputation. Baschet al. [12] andEricksonet al. [12] presentedinetic datastruc-
turesfor detectingcollision betweentwo rigidly moving polygonsusingthe kinetic datastructure
(KDS) framework, whichwasoriginally proposedy Baschetal. [3] (se€[15] for asuney of results
on kinetic datastructures). Their algorithmsavoid mary of the problemsthat arisein the x ed-
steptime-samplingnethodby focusingat discreteeventswhenthe the structuremustbe updated.
Roughlyspeakingthesemethodsmaintainahierarchicarepresentationf eachpolygonandderive
from that a setof geometricconditionson whenthe hierarchyshouldbe re ned/coarsened Un-
fortunately the bounding-wlume-hiearchy basedmethodsare not directly amenabldo detecting
collision betweenmultiple moving objects. Agarwal et al. [1] andKirkpatrick et al. [21, 22] pro-
posedglobal approachesor detectingcollision betweenmary maving polygonsin the plane,by
maintainingatiling of thecommonexterior of the polygonsinto e xible cells,sothatthe polygons
areknown to be disjoint until oneof the cells self-collides.lIt is not clear however, how to extend
thesetechniqueso -space.

Most of the work to dateon bounding-wlume hierarchieshasfocusedon collision detection
betweerrigid objects. Very little is known aboutmaintainingsuchhierarchiedor deformableob-
jects. Motivatedby applicationsn indexing spatio-temporatiatabasesherehasbeensomerecent
work on maintaininga bounding-wlume hierarchingof a setof independentlynoving points. For
example,R-trees which are basicallyaxis-alignedooundingbox hierarchieshave beenproposed
for moving points[31, 28]. The boundingbox at eachnodeof the hierarchychangesasthe points
move. Sincethesehierarchiesaggrg@ateboundingvolumesbasedon spatial proximity, they are



expensve to maintainasthe objectsundego large deformationsgvenif onedoesnot maintainthe
minimumboundingbox ateachnode.

Our results. In this paperwe proposea differentapproachfor maintaininga bounding-elume
hierarchyof a necklacewhich is easyto maintainandleadsto fastcollision-detectioralgorithms.
Firstof all, we de ne in Section2 a hierarchythatreliesonly ontopolagical proximityin the object
(asopposedo physicalproximity in space)sincethis notionof proximity is betterpreseredunder
deformation. For our linear necklaceghis givesus an especiallysimplerule for aggregation: we
build abalancedinarytreeonthe sequencef beadswith theintermediateaggr@atescorrespond-
ing to setsof leavesthataredescendantsf internalnodesn thetree. Eachnodeis associatedavith
a spherecontainingall the beadsthat are storedat the leaves of subtreerootedat that node. We
presentwo differentways of forming the hierarchy The rst, calledthe the wrappedhierarchy,
storesat eachnodethe smallestspherecontainingall beadsn the subtreerootedat the node. The
secondcalledthelayered hierarchy, storesateachinternalnodethe smallesspherecontainingthe
two spheresstoredat the childrenof that node. We comparethe two hierarchiesanddiscusspros
andconsof eachof them. Surprisingly it turnsoutthat,in any dimensionaboundingspheren the
layeredhierarchyis at mosta factorof ~  biggerthanthe correspondingnein the wrapped
hierarchyandthis boundis tight in theworstcase We presenef cient algorithmsfor constructing
andmaintainingthe wrappedhierarchyasthe necklacedeforms,exploiting therelative stability of
a combinatorialdescriptionof this hierarchy In otherwords,we maintaina descriptionof the hi-
erarchyin animplicit combinatoriaform, insteadof an explicit geometricform. But unlike KDS
basedmethodswe canupdatethe wrappedhierarchyafter small motionsof the de ning beads,
without a needfor explicit motionplans.Thusour approachis bettersuitedfor incorporationinto a
physics-basethotionintegratorin which only sampledstatesof the systemaregenerated.

Next, in Section3, we analyzethewell-knovn methoddor detectingcollisionandself-collision
usingspherehierarchies.While thesemethodswork well in practice,no nontrivial, subquadratic,
boundis known on their runningtime. The quadratichoundarisesin the casein which both hier
archiesaretraversedcompletelyandall leaves of one have to be checled for intersectionagainst
all leavesof the other We shaw thata slight variantof the folklore self-collisioncheckingmethod,
usingthe wrappedspherehierarchyandlocal re nementasnecessaryachieves subquadrati¢ime
bounds: in two dimensionsand in -dimensiondor — to our knowl-
edgethisisthe rst subquadratievorst-casdooundfor collision-detectioralgorithmsusingbound-
ing volume hierarchie$. Collision-detectionbasedon bounding-elume hierarchiescan still be
expensve, howvever. Time is required,whenthe necklaces tightly pacled. We there-
fore proposeanothemethod basedon power diagramgseeg[7] andSection3.2 for the de nition),
which is especiallyfastin this case sincethe sizeof the power diagramis linearin all dimensions
for pacled con gurations[10]. Our methodbasicallykeepstrack of the shortesedgeof the power
diagram. While it wasknown thatthe closestpair of a setof disjoint balls de nes anedgein the

2A similar boundwasreportedconcurrentlywith our work for orientedboundingboxesin [25]. They studiedkine-
matic chainsanalogoudo our necklacesalthoughwith a differentmotivation. They wereinterestedn Monte-Carlo
simulationsof proteinsin which a singletorsionalbondrotatesat eachtime step,possiblyby alargeangle



powerdiagram[17], thatresultdoesnotapplydirectly to our problemsincewe allow adjacenbeads
of anecklaceo overlap.

Finally, we presentanddiscussexperimentalresults,which validateour claimsand prove the
effectivenessof our methods. Our simulationsshav that the wrappedhierarchyis much more
stableundermotion than the power diagram,one of the alternatves for collision detection. For
typical datathetightnessf t of thelayeredandwrappechierarchiesrefairly close.Furthermore,
whenthe layeredandwrappedhierarchiesare usedin their entirety the greatersimplicity of the
boundingvolume calculationsfor the layeredhierarchymalesit faster However, we canexploit
thecombinatoriabtructureof thewrappecdhierarchyto performmuchfastercollisiondetectiortests
betweerdisjoint objects.

2 Necklacesand Bounding-Sphee Hierar chy

2.1 Necklaces

A neklaceconsistsof a sequenc®f closedballs , calledbeads in the
Euclideanspace . We assumehatonly adjacentballs alongthe necklacemay intersectandno
ball is fully containedn anothersetof balls. We alsoassumehe beadssatisfythe following two
properties:

uniformity: thereis a constant suchthattheratio of theradii of ary two ballsin anecklace
isin theintenal ; and

connectvity: thebeaddorm aconnectedgset— in otherwords,any two consecutie beadsalong
thenecklacéhave a pointin common.

We refer to the polygonalpath connectingthe centersof the beads(in order) asthe badkboneof
thenecklace Whatever conditionswe adopt,we assumehatthey aremaintainedy theunderlying
physicscausinga necklaceto move or deform. We remarkthatsimilar “necklaceconditions”were
studiedfor establishinghe optimality of toursin the plane[8]. As mentionedn the introduction,
theseconditionscapturethe propertiesof a large family of shapesuchasproteinsandropes.The
following lemmais a simpleyet usefulpropertyimplied by the necklaceconditions.

Lemma 2.1 Supposehat the minimumradius of the beadsis . Thenany ball with radius
contains beadsandany consecutivdeadsare containedn a ball with radius

2.2 Bounding sphetre hierarchy

Givenasequencef beadswe canconstructa boundingvolumehierarchyby iteratvely grouping
the beadsinto larger andlarger sets. The groupingcanbe representedsa (binary) hierarchytree



whereeachleaf correspond$o a bead,andeachinternalnodecorrespond$o a subsebf the beads
underneattthe node. For eachinternal node,we computea sphere,which we call a cage, that
enclosesll thebeadgepresentely theleavesunderneaththe node.

Typically, the groupingshouldbe donein away suchthatthe cageshave smallsize. Although
this approachis goodfor rigid objects[30], a sophisticatedyroupingmay incur high costwhen
the necklacedeformsbecauset hasto be re-computedvheneer the beadsnove. Becauseof the
uniformity andconnectiity of thenecklaceswe groupthebeadsy simply constructinga balanced
binarytreeontop of thebeadsaccordingo theirorderin thenecklace Althoughthis maynotbethe
bestwayto constructhehierarchyastwo beadgarawayin thesequencenaybespatiallyclose the
bene tis obvious: we never needio changehetopologyof thetreewhenthenecklaces deforming,
andsuchgroupingresultsin reasonablzompactoundingcagesy the necklaceoroperties.

For eachnode in thehierarchytree,let bethesetof beadsstoredat the leavesof the
subtreerootedat . is a contiguoussubchainof the original necklace.A cage |, storedat ,
is aspherghatcontainsall thebeadsn . Thisis oneinstancevherewe heavily usethea priori
known structureof the type of objectwe aremodeling.We de ne thelevel of anodein thetreeto
bethemaximumdistanceo aleaf nodeunderit. By de nition, theleavesareatlevel . De ne the
heightof atreeto bethelevel of its root.

Giventhehierarchytree,we still needto decidehow the cagesarecomputed We considertwo
different methodsfor computingthe cages. In one method,the cageis de ned asthe minimum
enclosingsphee (MES) of the beadsunderneathhe correspondingiode. The resultedhierarchy

denotedas is calledthe wrappedhierarchy. The cagesof the childrenof a nodein
canstick outof thecageof its parent;seeFigure?2 (i). In theothermethodwheretheresulted
hierarchyis calledlayered hierarchy [29] anddenotedas , eachcageis computedasthe

MES of the cagesof its two childreny seeFigure?2 (ii). Thoughthe wrappedhierarchyis slightly
moredif cult to computethanthelayeredhierarchyit is tighter tting andmostimportantlyit can
bemaintainednoreeasilyunderdeformation— afactthatat rst seemsounterfintuitive. We will

thereforemostlyfocuson thewrappedhierarchy

(ii)
Figure 2. Wrapped(left) andlayered(right) spherehierarchies.The basebeadsareblack. Notice thateachcagein the
wrappedhierarchyis supportedy 2 or 3 beads.

Foraset of spheresn | let bethe smallestspherehatcontainsall the spheresn
Thebasisof , denotedas , is the smallestsubset sothat . Itis well



known that in . Thefollowing well-known propertyof minimumenclosingspheres
will becrucialfor ouralgorithm.

Lemma2.2 Let bea setof sphees,andlet . If all spheesin  are containedin ,
then
For thewrappedhierarchy . Let . Thekey propertyof thewrapped

hierarchythatis of interestto usis that  is fully determinedby , a setof at mostfour spheres
from  for

2.3 Construction and maintenanceof the hierarchy

Thewrappedhierarchy canbe constructedy computing ateachnodeof the hierar
chy. Thereis acomple lineartime deterministicalgorithmfor computingthe minimumenclosing
sphereof a setof congruentsphereq26], andthereis a simplerandomizedalgorithmwith linear
expectedtime [32]. If the beadshave differentradii, the randomizedalgorithmis slightly more
complicatedbut with the sameoverall runningtime [20]. Therefore,it takes time to
construct of anecklace with beads.

Next we describehow we maintainthe wrappedhierarchyasthe necklacedeforms. As the
necklacedeforms, atall nodes of thehierarchychangegontinuouslybut  remainghesame
for aperiod.At certaindiscreteevents changegypically by a pivoting stepin which

(i) anold basisbeadlearesthebasisand

(i) anew beadfrom theenclosedsubnecklacentershebasis.

At timesonly oneof theseeventshappengi.e., the size of the basisreduceshy oneor increases
by one), but the total numberof basisbeadswill alwaysremainat mostfour for . This
combinatorializatiorof a continuousphenomenotis aninsightanalogougo whatis exploitedin
kinetic datastructures.

Figure 3. A combinatoriallyde ned spheréhierarchyis stableunderdeformation.Only thetop level cagediffersbhetween
thetwo conformations.

We expectthatundersmoothdeformationthe combinatorialdescriptionof the cagedi.e. their
basisbeadswill stayunchangedor afairly longtime, andwhen nally thebasisof a cageneeds
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to changethatchangewill be easyto detectandthe basisupdatesimpleto perform. For instance,
in Figure 3 we shav a 2-D exampleof the upperlayersof sucha hierarchyin two quite different
con gurationsof adeformingnecklacelt sohappenshatall thehierarchycagesexceptfor theroot
cagecontinueto have the samecombinatorialdescriptionat all intermediatecon gurations.

Recallthatour goalis to updatethe wrappedhierarchyat eachtime step. Let denotethe
con gurationof thenecklaceattime . Similarly de ne , , ,and
At time step , we needto verify the correctnessf the hierarchyi.e., determinevhether
is still the basisof , for all nodes in the hierarchy and updatethosewhich are no longer
correct.

Theveri cation is donein ahierarchicaimannerbottomupwith atop dowvn passrom eachtree
node;we call thismethodthecascadeseri cation. Supposehatwe have checledthevalidity of the
descendantsf anode . We rst computethe minimumenclosingsphere . By
Lemma2.2,it is sufcient to checkthatall the beadsn arecontainedn . This canbe either
donedirectly in lineartime, which we call naive veri cation, or indirectly asfollows. Maintain
afrontier, , initially containingthe childrenof . At eachstepwe take anode outof and

determinewhether . If theanswelis yes,we move to the next nodein . If
and is aninternalnode,thenwe addits childrento . Finally, if and isaleaf,then
we concludethatthebead  hasescapedrom and is no longervalid andneedsto

beupdated.If we cancontinuetheabove procesauntil  becomegmptywithoutencounteringn
escapedeaf node,we know that

If beadsescapdrom anenclosingcage , a basisupdatemustbe performed.At leastone of
theescapedeadsnustbeabasisbeadfor thenew cage . ThelLP-typealgorithm[32] allows easy
exploitationof thisknowvledgein anaturalmanneraswell aseasyuseof otherheuristicinformation
aboutwhichbeadsrelikely to bebasisbeadsThe costof theupdates expectedo belinearin the
numberof beadsenclosedy thecage.

Remark. It is temptingto try to accelerateghe above processby noting that the geometry
belongingto a cagemustbe containedn theintersectiorof the cageson the pathfrom thatnodeto
theroot, andcheckingto seewhetherthis volumeis containedn the cagebeingveri ed. However,
in practicethe extra compleity of this checkmorethanoutweighsits bene ts. While in theworst
casetheabove procedurenaytake timeif all pathsneedo betraversedpurexperiments
suggesthanin mostinstanceghe actualtime is closerto linear, asonly pathsto the basisbeads
needto bechecled.

2.4 Tightnessof layered hierarchy

While the wrappedhierarchyis alwaystighterthanthe layeredhierarchy it is interestingto know
exactly how muchdifferencetherecanbebetweerthetwo. Theradiusof acage inthewrapped
hierarchyis only determinedby the set On the other hand, the radius of in the layered
hierarchydependon how the beadsin areordered.In thefollowing, we shav that no matter
how we orderthebeadstheradiusof thecageattherootof thelayeredhierarchyis atmost



timesthethatof thewrappedierarchywhere istheheightof thehierarchytreeandis for

the balancechierarchytreewe usein this paper® This boundis almosttight in the sensehatthere

exist a sequence of spheregpointsactually) suchthatthe radiusof cageat the root of is
~ largerthantheradiusof

Theorem?2.3 Let beanedklacewith beadsin , andlet bea hierarchytreeof whose
heightis . If we denoteby the radii of the root sphees for the wrappedand layered
hierarchiesof the point set,respectivelythen

Thisboundis almosttight in theworst case
Thefollowing lemmaprovesthe upperbound.

Lemma?2.4 Let beanedklacelet and bethecenterandtheradiusof ,andlet and
bethecenterandtheradiusof a cage onlevel in thelayerdhierarchy of . Let
Then

Proof. Withoutlossof generality let usassumehat . We prove thelemmaby inductionon
. Weshouldemphasiz¢hat and are x edthroughoutheinduction.

For ,a -thlevelcage isabeadin . Since , we have that
where . Therefore

Now, we assumehatthe lemmabholdsfor all spheresat level in the layeredhierarchyand
shaw thatthelemmastill holdsfor spherestlevel .

Let and bethecenterandtheradiusof acage storedatanode whoselevelis inthe

layeredhierarchyandlet and thecentersaandradii of thecages storedatthetwo
childrenof . Let , , and , seeFigure4. By inductionhypothesis,
and . We will shav that . Thisis clearlytrue
when isidenticaltooneof and ,soassumehat is biggerthanboth and
Let , , , and , asin Figure4. Then
Let . Since , usingthe law of

cosineswe obtain:

3All logarithmsaretakenbase in this paper



Figure 4. A spherein the layeredhierarchyandits two children. Lemma2.4 provesthatthe fartherthe centersof the
childrenarefrom the centerof their parentthe smallertheir radii mustbein comparison.

Thatis,
1)

UsingEquation(1) we have

Thus,

Simplifying theright handsideof theabore inequality we get:

Thus, . Thiscompletegheinductve proof.

Theabove lemmaimmediatelyimpliesthe upperboundin Theorem2.3since



The proof of LemmaZ2.4 extendsto higherdimensionsas Equation(1) holdsin ary dimensions.
In whatfollows, we shav thattheinequalityin Lemma2.4 canbe madealmosttight, andwe can
constructa setof pointsto attaintheupperbound.

Lemma 2.5 For any , theeis a setof  pointsin the planesud that ~, whee
denotetheradiusof theroot sphee in thewrappedandlayered hierarchy, respectively

Proof. We constructa collectionof pointsin the planesuchthattheirwrappedhierarchyhasradius
andtheir layeredhierarchyhasradius . The constructionis doneincrementally We rst X
ary point andplaceapointat  suchthat . Let

Root ball
of layered
hierarchy

Rooﬁ)ﬂ
of wrapped
hierarchy

Figure5. Theconstructiorof asetof  pointsonacircleof radius suchthattherootcircle of theirlayeredhierarchyhas

radius . Thepoint is choserarbitrarily. Right triangles , , arethenconstructed
suchthat . Thepointsetis constructeasthe closureof thesingletonset with
respecto the re ections over the lines , , , andthere ection over thepoint . Theothercirclesin the

layeredhierarchyarealsoshown.

Supposehat we have constructedheset  the rst  pointsfor . Let bethe
centerof thespherecovering  in thelayeredhierarchy To constructheset ,we rst nd the
point suchthat(1) , and(2) . We canthenconstruct
by ipping all thepointsin  abouttheline . Wethenset . Finally, we ip

aboutthecenter to obtain andset . SeeFigurebs.

First, we shav thatthe above constructionis valid as  's arewell de ned. Since

, it is easyto derve, by induction,that . Thereforeaslong as
, we have that ~ andthus alwaysexists.
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In theabove constructionsinceeachipping is eitherabouta line passinghroughthecenter
orabout itself, thedistancdromthepointsto remainthesamej.e.all thepointsareontheunit

circlecenterechat . Thus,theradiusof is . Now, we shaw thatin theabore construction,
thesphere covering in thelayerhierarchyhasradius . Thisis doneby inductionon .
Clearly it is truewhen . Supposehatit is truefor . Accordingto the construction, is
the centerof becauséhe line sggment is perpendiculato theline atthe point
. Thus,
Theradiusof therootspheren thelayeredhierarchyof  istherefore ~, while the
radiusof is .

Theorem?2.3is thecombinationof Lemmas2.4and?2.5.

Remark. We shouldremarkthatin Theorem2.3,the upperboundappliesto ary groupingby
which we constructthe layeredhierarchywhile the lower boundconstructioris only valid for that
particular hierarchytree. If we groupthe points constructedn Lemma?2.5 differently e.g. by
groupingantipodalpointsatthe rst level, thenwe mayobtaina layeredhierarchyin which all the
spherehave radius .

3 Collision Detection

Let be a necklacewith  beads. We describealgorithmsfor determining
whetherary two nonadjacenbeadsin  intersect. As we will seebelown, we can easily modify

thesealgorithmsto detectcollision betweentwo necklaces.We rst describean algorithmbased
on thewrappedhierarchyof , which workswell whenthe necklaces not tightly pacled. Next,

we describean algorithmbasedon the power diagramof , which is ef cient for tightly pacled

necklaces.

3.1 Collision detectionwith the wrapped hierarchy

Thefollowing algorithm,shavn in Figure6, is the standardramework for collision detectiorusing
boundingvolumehierarchiesadaptedo necklacesWe use to denotethe wrappedhierarchyof
, With  beingits root. Let (resp. ) denotethe left (resp.right) child of anode . The
algorithmtraverses in atop-davn mannerand maintainsa queue of nodepairs sothat
and intersect.Thealgorithmeither nds apairof intersectingcagesor deduceghatthereare
no intersectingpair of nonadjacenbeadsn

Thecorrectnessf theabove algorithmis obvious. Therunningtime largely depend®n how the
SPLIT procedurds implemented.Therearenumerousheuristicsfor decidingwhich nodeto split.

11



Algorithm: BVH-CoOLLISION-DETECT ( )
while do
= DELETE-FRONT ( )
if then
if then
if then
return  (COLLISION)
fi
else if =SPLIT(, )then
INSERT ( , ), INSERT ( y )
else INSERT( , ), INSERT ( y )
fi
fi
fi
end-while

Figure 6. The collision-detectionalgorithm for two necklaceausing their spherehierarchy SpLIT ( , ) procedure
determinesvhetherthealgorithmshouldrecursvely explorethechildrenof orof .

But no subquadratievorst-casdvoundswvereobtainedor generabbjects.We shav thatwe canuse
a simpleheuristicsothatthe above algorithmrunsin subquadrati¢ime for necklacsjn particular
in timein  andin timein

We now considettheabove collision-detectio algorithmfrom a differentperspectie, by view-
ing it astrying to derive a non-intersectiomproof by nding asufcient setof sepaating bounding
volumepairs while walking down the hierarchy The algorithmreportsa collisionif it fails to pro-
ducesucha setof pairs. Althoughthe framavork canbe statedn a moregeneraketting,we focus
on self-collisionfor necklaces More precisely supposehat is anecklace
with beadsand is aboundingspherehierarchybuilt on . Eachinternalnode in stores
acage onthesubset of spheresstoredatthe leaves of the subtreerootedat . A family

, Where arenodesof |, is calledasepaating familyfor  if:
(S1) forary and aredisjoint,and
(S2) forary ,where , thereexistsa sothat and

Thesizeof isthenumberof pairsin thefamily.

A separatingamily senesasa proof of non-collisionbetweerthe nonadjacenbeadsof
Theminimumsizeof aseparatindgamily is crucialasit providesa lower boundon the costof ary
collision-detectioralgorithmthatusesthe hierarchy andfollows the generalapproachdescribed
in Figure6. We analyzethe sizeof the separatindor thewrappedhierarchyof

12



Therehasbeensomeprior researchon constructingseparatinggamilies for a set of balls—
constructafamily  of “canonicalsubsets’™of andcomputea separatingamily of  usingthe
canonicakubsetsn . If we areallowedto de ne arbitrarily i.e., it is notthe setof cagesstored
at the nodesof a bounding-wlume hierarchyon , therealwaysexists a setof separating
pairsfor disjointballs[18, 4]. However, to our knowledge theseparatingamiliesbasecdn prede-
ned hierarchicaktructureshave not beenstudiedcombinatorially Here,we will shav thatfor the
wrappedhierarchyin , therealwaysexistsa separatindamily of size
if thereis no collision betweerary pair of two non-adjacenbeads.

Theorem 3.1 Let beasequencef beaddn ,satisfyingtheuniformity
assumption.Thenthere existsa sepaating family for  of size in its
wrappedhierarchy. Thisboundis asymptoticallytight in theworst case

Proof. We assumdhatthe minimumradiusof the beadss . By Lemmaz2.1, thereare at most

beadscontainedin ary ball with radius . We now give an algorithmfor constructinga
separatindamily

Figure7. Separatingairsin

Fix aninteger . Set . Let  bethecagein the wrappedhierarchy
that encloseghe beads . Clearly theradiusof s at most ,
by Lemma2.1. Let be the resultingsetof spheres; . For each

,let  bethesetof pointsthatareatmost  distanceaway from apointin , i.e.,

is a ball of radiusat most concentriowith . For ary ball sothat ,

we addthe pair to theseparatingamily. Let  bethesetof pairsaddedo the family for
. Werepeathis procesdor all ballsin , andset . Set

13



We claimthat is a separatingamily for . It is obvious from the constructionthatall the
pairsin  aredisjoint. We needto amguethatit coversall the pairsof beads.Considera pair of

disjointbeads . Denoteby and the -thlevel (thelevel increase®ottomup starting

from ) cageghatcontain and |, respecirely. Let . It is easyto

seethateverypointin  is within distance fromthecenterof  because and
intersect.Therefore . Hence, isaseparatindamily.

Next, we boundthesizeof . Notethat

Since ,

It thussufces to bound for

Every pair in “covers” pairsof beads. For ary pair of beads
coveredby this pair, their centersarewithin distance  because . Therefore, covers
pairsof beads By a packingargumentthereareat most beadsvhose
centersarewithin distance  from the centerof thebead . Hence, , Which
impliesthat . Therefore,

This completeghe proof of theupperbound.

To shav theboundtightin theworstcase consideran -dimensionadrid. We
canform anecklace by tracingandconnectinghesementsparallelto the -axisin thegrid. By
theconstruction, contains -axisalignedsegmentseachof length . Weclaimthatary
separatingamily of in its wrappedhierarchyhassize . Firstwe shav
thatfor two parallelsgmentseachwith  beadsatdistance where , weneed
pairsto coverthe beadson them. Supposehat and arethebeads
onthetwo parallelsggments.Considerthe pairs — . Since
thetwo segmentsareat most away from eachother it is impossibleto separatéwo pairsin
usingthe samepair of cages.Thus,it requires pairsto separat¢hetwo segments.

Ontheotherhand,if we projecteachiine segmentto thesubspacerthogonato the -axis,then
eachline sgmentbecomesa lattice pointin dimensionakpace.The boundon the number
of lattice pointsin sphericakhellsimpliesthatthereare lattice pointsin thedistancerange
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from a lattice pointin . Thereforethereare pairs of sggmentsat
distance apartfor . Furtherwe canpick the segmentssothatary cagecontainingtwo
beadson differentsegmentshasradiuscomparabléo the minimum enclosingsphereof the whole
necklace.For example,in two dimensionsye pick all the line segmentscorrespondingo the odd
rows. Sincethereare beadson eachseggment,the numberof pairsin ary separatingamily
is

¢FromTheorem3.1, it follows that therealways exists a collectionof subquadraticallynary
( for and for ) separatingpairsif any two non-adjacenbeads
aredisjoint. The above constructre proof also suggestshe following simple balancingheuristic
in decidingwhich nodeto split: we alwayssplit the nodethat containsmore beadsandbreakthe
tiesarbitrarily Thenin the procesf the algorithm,the cagesve comparealwayscontainsimilar
numberof beads. Therefore the proof of Theorem3.1 applies— the numberof pairsexamined
by the algorithmis boundedby the quantity givenin Theorem3.1. Therefore,we concludethe
following that

Theorem3.2 Let beanedklacein  with beads.Usingits wrappedhierarchy , wecan
determinan time timewhethenwo nonadjacenbeadsn intersect.

If we wish to determinewhethertwo necklaces and intersect,we invoke the algo-
rithm BV H-CoLLISION-DETECT by inititializing the queueto , Wwhere is the root of
thewrappedhierarchyof . Thesameanalysismpliesthefollowing.

Corollary 3.3 Let betwonedklacesin  with beadsead. Usingtheir wrappedhierar-
chies,wecandeterminan time timewhether intersect.

Remark. We canalsouselayeredhierarchyfor collision detectionbetweerntwo necklacesbut no
subquadratioundon the size of a separatingamily basedon the layeredhierarchyis currently
known. However, we believe combiningthe separatingetboundfor the wrappedhierarchy The-
orem 3.1, with cageradiusratio bound, Theorem2.3, shouldyield a subquadratidoundfor the
layeredhierarchy

3.2 Using power diagrams

Theorem3.1givesusasubquadratialgorithmfor collision detectiorbetweerntwo necklacestising
the wrappedhierarchy While the boundis in ,itis in . Thealgorithm
takes time whenthe necklacesretightly pacled (e.g.globular proteins)sincemary cages
in the hierarchyoverlapwith eachotherandthe algorithmhasto traversedeepdown the hierarchy
beforebeingableto locatedisjointcages A recentresultby Erickson[10] shaws thatthe Delaunay
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triangulationhaslinear complity for a densesetof points. Althoughthatresultdoesnot directly
applyto the power diagramgseebelow for the de nition), we maystill expectthata similar result
holdsfor the power diagramof a densesetof ballswith comparablesizes. Guibaset al. [17] had
shawvn that the closestpair of balls are neighborsin the power diagramif the balls are pairwise
disjoint. Thereforewe mayusethe power diagramfor detectingcollision betweera setof pairwise-
disjoint balls. We, however, allow consecutie beadsto overlap, so thatresultno longerapplies.
We rst shawv thatwe canstill usethe powver diagramto performcollision detectionbetweentwo
necklacesandthendiscusshow to maintainthe powver diagramunderour motionmodel. We prove
our resultaboutthe powver diagramin a moregeneraketting.

Let beacollectionof ballsin , andlet bethecenterandradiusof
, respectiely. The powerof apoint to ,denotecas , IS

Thepowercellof is

The power cellsof spheresn  cover . Thepowerdiagramof is the decompositiorof the

U] (ii)

Figure8. (i) Two orthogonaballs, (ii) two ballsfartherthanorthogonafrom eachother

spaceinducedby thesepower cells andtheir boundaries.The dual of the power diagramof  is
calledtheweightedDelaunaytriangulationof . Assumingthatthespheresrein generaposition,
asimplex , for and ,isin if . See[7] for
detailson power diagramsandweightedDelaunaytriangulations.Two balls and  of radius
and andcenterecat and arecalledorthagonalif

i.e., they intersectandthe anglebetweertheir tangentplanesat ary of their intersectionpointsis

. We saythat is farther than orthogonal from is (i.e., theanglebetween
theirtangenplanedslessthan ); seeFigure8. It canbe checledthatif aball centerecatapoint
is orthogonatlto both and , then . Thefollowing well-known

lemmawill beusefulfor our purpose:

Lemma 3.4 A subset form a simplein if thereis a ball  thatis orthagonalto
everyballin andeveryball in fartherthanorthogonalfrom
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Let be a family of pairsof balls. is disjoint with respectto  if every pair

of distinctballsin is disjoint. For example,a necklaceis disjoint with respectto the
set . We de ne the closestpair of ballsin  to be a pair of
distinctballs sothat for all ; recallthat

Forary given ,aball isaneighborof if thepair isin . Aball isaneighborof
apair if isaneighborof either or . A ball iscalledaproperconnectorf for every

neighboringoall of |, thereis anothemeighbor of suchthat and aredisjoint. Ballsthat
arenot properconnectorsarecalledimproper. If the balls aredisjoint, thenthereareno improper
balls. Only the rst andthelastbeadsareimproperin anecklace We have thefollowing result.

Theorem 3.5 Theclosestpair satis esat leastoneof thefollowing properties:

(DT1) isanedgin ,
(DT2) and haveacommomeighboyor

(DT3) or hasanimproperball asa neighbor

Figure 9. Thepower diagramcanbe usedfor collision detectionin necklacesTheball ~ cannotintersectall more
thanorthogonally certifying the power diagramedge . isthedistancebetween and

Proof. Supposehat istheclosespairof ballsin  with respecto . Assumehat
doesnot satisfy(DT2) and(DT3). We would like to shav that is anedgein

Let bethesmallestoall orthogonato bothballs and ,andlet and betheradiusand
centerof |, respectiely, seeFigure3.2. Consideranothetall , where ,in . Wewould
liketoshav that doesnotintersect morethanorthogonally Accordingto [17], it is sufcient
to considethoseballsintersectingeither or . Since and donotsharecommomeighbor
we assumewithoutlossof generalitythat  intersect butdisjointfrom . Foraball ,
let , andfor ary pair of balls , let . By construction,

17



We list thefollowing conditionsthatvariousdistance$ave to satisfy:

(C1) By orthogonality

and
(C2) Since and aredisjointand is the closesfpair, thedistancebetween and
is notmorethanthatbetween ,l.e.,
(C3) Thetriangleinequality and(C2) imply
(C4) since s proper thereis anothemeighborball of  sothat aredisjoint. Since
is the closestpair, . Ontheotherhand, and
intersecttherefore . Hence,
Giventheabove relationswe derive thattheball  is fartherthanorthogonafrom , i.e.
¢ FromEquation(1) in the proof of LemmaZ2.4 (substituting , , , and
) andcondition(C2) above, we obtain
Therearetwo casedo consider dependingon which of and is larger. We
substitutehelarger of thetwo with
1. If ,i.e., , We obtain
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2. When , Similarly, we get

Notethat

andthus,

If , it is clearthat . If not,using
we have that

Usingthefactthat , we cansimplify

It follows that
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In all cases,

Theorem3.5 gives us a way to checkself-collisionfor a necklace:we can rst computethe
power diagramof all the beadsandthencheckevery pairfor eachpower diagramedge.In addition,
we checkthosepairswhich sharecommonneighborsj.e. pairs for , and
thosepairsinvolving or (the only beadshaving animproperneighborin the necklace).
Clearly the numberof additionalpairsis , andthe costof the checkingis dominatedby the
compleity of power diagramwhich we expectto belinearfor adenselypacled necklace.

Underthe KDS motionmodel,it is easyto maintainthe power diagram[16]. For thediscrete
time stepmodel, howvever, it canbe too expensve to recomputethe power diagramat eachtime
step. We have a variety of techniquedor updatingthe diagram.Onesimpleand,in practice fast,
solutionis to remove somesubsebf the balls suchthatthe pover diagramsof theremainingballs
beforeand after the time stepare combinatoriallyidentical, move the balls to the nal locations,
andthenreinsertheremoredballs. Suchsubsetganbefoundin avarietyof mannersthesimplest
onebeingto repeatedlyemove a pointincidenton eachfailedcerti cate, or repeatedlyemove the
pointincidenton the mostfailedcerti cates.

Another approachis to corvert the discrete-time-steituationto the kinetic data structure
framework by creatinga motion which interpolatesbetweenthe initial and nal locationsof the
balls andthenapply the kinetic datastructuretechnology Sincethe motionis arti cial, we can
designthe motion sothatthe certi cate failure timesareeasyto compute or the numberof events
is small. For example,Edelsbrunneet al. [5] describea motion sothateachspheremovesalonga
straightline in the standardifting space We do not elaborateon theseoptionshereasthey arenot
thefocusof this paper

4 Experimental Results

We conducteda variety of experimentsto testthe staticand dynamicpropertiesof the wrapped
hierarchyandto compareit with the layeredhierarchyandthe power diagram. The propertiesof
interestwere:

1. thecostof constructior—in termsof thetime taken (Table1l),

2. thecostof veri cation the hierarchy usingboththe nave method(directveri cation of bead
inclusionin the cages)yndthe cascadeveri cation—in termsof boththetime takenandthe
numberof intersectiortestsperformed(Tableb),

3. the costof collision detectior—in termsof time, the size of the setof separatingairs,and
thenumberof intersectiorntestsperformedTables3, 4, 7), and

4. thefrequencyof basischangesasthe shapedeformsandthe costof updatingthe hierarchies
(Tables5 and6).
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Power
diagram

Nedlace | Wrapped | Layeed time

Name Picture| size time(ms) | time(ms) (ms)
grill | =—— 89

—
ladyAO 1380
1cemO0 1089
10
spline J 50
100
. 10
e
10240 8.8
scaling 10
helix 640
10240 1.8
straight 1000
spiral 1000
curled 1000
108
villin 108
108
random 300
protein 300
300
Table 1. Constructioncostsfor the wrappedandthe layeredhierarchyandthe power diagram; (resp. ) is the

average(resp.minimum)valueof theratio of theradii of thecagesn thetwo hierarchiestaken over all thenodesin the
tree.
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We usedthreedifferenttypesof inputsfor our experiments:

PROTEINS. taken from PDB les [33] (1adyAOand 1cemOQ or from smallermodels(random
proteinand\illin headpiece)thelatterwereusedfor molecularsimulations.

SPLINES. A simplequadraticsplinewith ve controlpoints.

HELICES. All helicesusedfor our experimentsarecontainedn a cubicalboundingbox. We used
two typesof helices:the rst one,calledthe constanthelix, hada constanthumberof turns,
andthesecondne,calledthescalinghelix, hadanumberof turnsthatscaledwith thenumber
of pointssampledrom the helix. This shapds abadcasefor the power diagram[9].

SPIRALS AND GRILLS. Thespiralseriesvasananimationof astraightsegmentrolling upin to an
18turnlogarithmicspiral. Thegrill hadsix parallelstraightsegmentsconnectedby parabolic
arcs.

Tablel providespicturesof the modelsusedfor our experiments.

All theexperimentsvereconductednaDell PCwith a2.4GHz Pentiumd4 CPUand1 gigabyte
of RAM, andwe usedthe CGAL library [13] for computingthe minimumenclosingsphereof aset
of spheres.

4.1 Static properties

In this subsectionwe discussour experimentalresultson the constructionand veri cation of the
hierarchyandon collision detectiorusingthesehierarchies.

Construction cost. Empirically, the costof constructiondependsolely on the numberof beads
used.It took approximately35msto build thewrappedhierarchyfor a necklacewith 10,240beads.
In generalthetime dependencen the numberof beadsagreesvell with the expected
cost,andtherunningtime dependwery little on the shapeof the necklace Althoughthe construc-
tion costof the wrappedhierarchyis signi cantly betterthanthatof the power diagram(88sfor a
helix with 10,240beads)thegreatersimplicity of thelayerednhierarchymalkesits constructioreven
faster(9msfor the samehelix).

On averagethe wrappedand layeredhierarchiesproducedvery similar sizedcages(Table 1,
columns3 and4), generallywithing 5%. For eachnode in the hierarchytree, let (resp.
) betheradiusof the cagestoredat in the wrapped(resp.layered)hierarchy andlet

. We compute (resp. ), the average(resp.minimum) valueof  over all
nodes of thetree. As expectedthe wasmostdifferentfor the proteinbackbones—thenost
curvednecklacesested—where was8% smaller Thevalueof is heavily biasedoward
the numerousodesof the treenearthe leaves, wherethe wrappedandlayeredhierarchieshardly
differ. This explainswhy thevalueof is closeto . A few of thewrappedhierarchycageswere
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muchsmaller(oftenafactorof two) thantheir respectie layeredcage.Thesetendedo be nearthe
rootandsoaremoreimportantfor collision detectionof disjointobjects.Thevalue illustrates
this phenomenon.

Lazy update| Cascadever | Naive veri- | Average
Name (ms) ify (ms) cation(ms) | frontiersize

spline
10
100
1000
helix
10
10240
ladya0
1cemOO0

grill
Table 2. Verifying andupdatingthe wrappedhierarchyusingvariousapproachesTheveri cation frontier of

anodeis theselfcollision separatingetfor theleavesof the subtreerootedatthenode.The averagefrontier
sizeis thesizeof suchsetsaveragecbverall nodesn thetree.

Veri cation cost. Surprisingly thetwo methodsof veri cation—nawve andcascade—performed
verysimilarly overthemodelstested.Thelargestdifferencdfoundwason extremelyhighly sampled
splinecurves. In this casethe cascaderveri cation was 25% fasterthanthe naive method. This
improvementstemsfrom the fact that all the boundingspheresn sucha curve are diametrical,
i.e.,they touchthe subnecklacatits endpointandonly the descendantthatcontainthe two basis
beadsneedto be checled. Anotheradwantageof the cascadanethodis that the frontier can be
cachedandreusedn latertime steps.The averagefrontier sizestayeda smallconstanfor eventhe
mostcorvolutedcurves;it wasbelov 10 pernodein thetreefor all curvestested.Thesegures can
beseenn Tabless, 2.

Collision detection. Weusedhestaticmodelsto investigateheperformancef theself-collision-
detectionalgorithm. The cascadeéasedalgorithmsperformedmuch betterthan the brute force
guadraticalgorithms,asexpected.The performancef the two hierarchiesvasquite similar under
cascadeollision detectionfor all of the modelsexceptfor thelarge proteinbackbonesTherethe
smallerspheresizesof thewrappedcagegesultedn a modestspeedncreasgTable3).

The separatingsetsproducedby the cascadelgorithm were much smallerthan the number
of edgesin the power diagram(its effective separatingsetsize),with the exceptionof the highly
samplescalinghelix. Theresultson constantndscalinghelices(Table3) illustratethedependence
of the separatingeton packing. Whenthe numberof pointsin a statichelix increasedy a factor
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Wrapped Layeed Power
Quadmtic | cascade cascade dia-
Nedlace | collision col. time | sepaating| col. time | sepaating| gram
Name | size time( s) (s) setsize | ( S) setsize edges
grill 89 293 71 291 264
1ladyAO 1380 2759 950 2759 8500
1cemO00 1089 2177 700 2177 8600
10 9 2 9 27
spline 50 52 13 52 147
100 103 26 101 297
10 27 7 27 40
statichelix 640 1500 360 1500 57000
10240| 5.6 11000 3000 11000| 2.0
10 11 3 11 55
scalinghelix 640 | 3.1 1500 450 1500 45000
10240| 5.6 4.7 11000, 4.7 5.6
Table 3. Detectingself-collisionusingvariousapproachesThe nave methodgestscollision betweerall pairsof beads,
thepower-diagrambasedalgorithmteststhebeadshatshareanedge andthehierarchybasednethodtestspairsof cages
thatarein the separatinget.
Wrapped Layeed Power
Quadmtic | cascade cascade dia-
Nedklace | collision col. time | sepaating| col. time | sepaating| gram
Name | size time( s) (s) setsize | ( S) setsize | edges
spiral,straight 1000 53000 240 1000 250 1000 3000
1000 53000 720 2400 740 2400 3000
curled 1000 53000 280 6400 270 7200 3000
108 610 28 110 28 110 731
villin 108 620 31 120 38 150 719
108 620 35 140 38 150 708
300 480 76 310 78 315 2200
randomprotein 300 470 83 600 100 600 2100
300 490 93 380 106 420 2000

Table4. Applying self-collision-detectiomlgorithmfrom scratchateachstepasthenecklacedeforms.We usemolecular
dynamicsimulationsandtherolling of aspiralasthetestsets.
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of 16 from 640to 10240 thesizeof theseparatingetperbeadof the necklacedecreaseftom 2.34
to 1.07. This canbe attributedto the factthatasthe samplingincreasedthe curve becamdocally
straighterandstraighter(on the scaleof the beadseparation)On the otherhand,whenthe scaling
helix necklacesizewassimilarly increasedrom 2 to 4, re ecting thegreatercunatureandpacking
in the neighborhooaf eachbead the separatingetincreasedrom 2.34t0 4.58.

4.2 Dynamic properties

We usedthreedatasetsfor testingthe dynamicpropertiesof thewrappedhierarchy:we performed
moleculardynamicssimulationon Villin andrandomprotein usinglargetime stepg S)
in orderto cover greaterconformationachangef therespectie proteins.We alsosimulatedthe
rolling of a straightline into a spiral; the spiralwasevenly sampledalongits length.

Thewrappedhierarchywasvery stableunderthedeformation®f theunderlyingnecklacen our
tests.As illustratedin Table5, therewereonly a couplebasischangepertime stepin thewrapped
hierarchyfor moleculardynamicssimulation,whereaghe power diagramhad over 100 differing
tetrahedrorat eachstepof the samesimulation. The cascadeveri cation performedsigni cantly
betterthanthe nave veri cation over all the simulations(despitetheir similar performancen the
arti cial testcases)Finally, welookedattheeffect of varyingthelengthof thetime-stegn Table6.
Thewrappedhierarchy attens out at aroundl15 basischangedor ary time-stepbetweer? and32
frameswhile theamountof damageo thepower diagramincreasedpproximateljfogarithmically

4.3 Taking advantageof the wrapped hierarchy

The greatsimplicity of the layeredhierarchymalesits computatiorfrom scratch(which hasto be
doneat eachtime stepof a simulation)fasterthanupdatingthe wrappedhierarchy As aresult,we
have to to modify our techniquego properlytake advantageof thewrappedhierarchy

Oneadwantageof thewrappechierarchyoverthelayeredhierarchyis thatit providesanapprox-
imateboundinghierarchywhenthebeadsareallowedto move (evenif noveri cation is performed).
Assumingall thebeadsn a cagemove rigidly, the minimumenclosingsphereof the basisbeforea
time-steps theminimumenclosingsphereafterthetime step.Whenthebeadsdo not move rigidly
but move coherentlythe cageis still approximatelyalid. We call experimentswhich exploit this
property(andmake theassumptiorf its correctnesdpzy. Theupdatecomputatiorcanbe10times
cheapethanthe veri cation computationasshavn in Table5. In addition,a cagein thewrapped
hierarchyis de ned without referenceto ary other cages,so individual cagescan be computed
independently

Exploitingthesewo propertiesn somesituationscanyield simulationghataremuchfasterthan
canbeachievedwith thelayeredhierarchy Suchanexampleof suchasituationis shavn in Table7.
There,two disjoint copiesof the spiral wererolled independentlywhile checkingfor collisions
betweerthem(but notinternalcollisions). The cascadeollision detectiomalgorithmstartslooking
at cagesfrom the top of the tree and cascadeslovn until a separatingsetis found. Only the
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WrappedHierarchy
Power
diagram lazy cascade
cell basis update verify naivever
Name Picture changs | changs | (ms) (ms) ify (ms)
spiral
villin
random
protein

Table 5. Maintainingthe changesn the wrappedhierarchyandthe power diagramasthe necklacedeforms. For the
spiral, thereare 50 evenly spacedframesasit rolls up from a straightline to a 16 turn spiral, andin the molecular
simulations the adjacenframesare s apart.We measurehe changesn the structureat eachtime stepand
the costof updatingit ateachtime step.
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Wrapped

Number Power
of lazy update| cascadeverify | naive veri ca- | diagram
frames | changes (ms) (ms) tion (ms) changes

1 7

2 15

4 12

8 16

16 15

32 14

Table 6. Stability of the collision-detectiortechniquesver varying numberof frames. The randomprotein modelis
usedandall framepairsstartwith frame9000f 1000in the simulation.

Layeed Wrapped
lazy

sepeating | time sepeating | time full update| Average

Conformation | get (ms) set (ms) time(ms) | frontier
6 0.9
6 1.0
6 1.0
2400 2.0
3700 2.1

Table 7. Collision detectionbetweertwo rolling spirals,usingthe wrappedandlayeredhierarchies The entirelayered
hierarchyis updatedat eachtime step. In the wrappedhierarchy at eachtime step,we eitherupdateall the cagebases
thatbecomeinvalid (full updatg or we updateonly at thosenodesthat arevisited by the collision-detectioralgorithm
(lazyupdatg. We alsoshav the averagesizeof the cascadeeri cation frontier over all thenodesin thetree.
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cagestouchedwere recomputedor the wrappedhierarchy resultingin a factor of 200 speedup
whenthe curveswe relatively far avay from oneanother(asthey werewhenfully extended).As
the curveswoundup they got closer so the wrappedadwantagedecreasedintil the wrappedand
layeredcomputatiortimeswerenearlyequalwhenthe two spiralswerealmosttouching.

5 Conclusions

This paperraisesa new setof issuesin geometriccomputing,by posingthe problemof how to
repair and maintain geometricstructuresunder small motionsor deformationsof their de ning
elements.Ef cient geometricstructurerepairis essentialn complex physicalsimulations virtual
reality animationsaswell aswhentrackingmoving realworld objects.More generally additional
researchs neededn how to betterintegrategeometricalgorithmswith physicalmodelsof objects.

Evenfor our simpleexampleof a deformingnecklaceseveralbasicquestiongemainopen:

Canwe prove boundson the numberof combinatorialchangesn the wrappedhierarchy
assumin@physicalmodelof deformatiorandagiven deformatiorenegy budget'thatlimits
the overall bendingnd oscillationsthatcanoccur?

How canwe bestintegratethe powver diagramandthespherenierarchysoasto gettheadwan-
tagesof each?

Whatpropertieof a physicalmodelcanbe exploitedto malke hierarchyupdatedaster?

We hopeto addressomeof theseissuesn the nearfuture.
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